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Foreword to the Student 


This problem book is designed to supplement courses in analytic geometry 
which are usually given in colleges and technical schools. It follows closely the 
order used in most textbooks of analytic geometry. A total of 345 carefully solved 
representative problems and 910 supplementary problems for practice, of varying 
degrees of difficulty, is included. The problems are so arranged as to present a 
natural development of each topic. Since analytic geometry is primarily a prob¬ 
lem solving course and since one of the principal causes of poor work in any course 
in mathematics is disorderly ways of attempting to solve problems, we are con¬ 
vinced that this book, properly used, will prove very helpful. It is intended also 
to be of service to students who feel the need for a review of the fundamental theory 
and problem work of analytic geometry. 

Proper use of the book necessitates a clear understanding of what it is not* as 
well as what it is. It is definitely not a formal textbook and you should not attempt 
to use it as a means of avoiding a careful study of your regular text. Each chapter 
of the book has a brief summary of the necessary definitions, principles and theo¬ 
rems, followed by graded sets of solved and supplementary problems. 

It cannot be emphasized too strongly that one learns mathematics by doing 
mathematics, by solving problems. A perfunctory reading of a textbook, the mem- 
orizing of a few likely-looking formulas, and a casual, study of the problems 
solved in this book will do no more than give an illusory feeling of well-being; 
actually, you have gained little more than a vague impression of the material. To 
make effective use of this book you should reproduce the solutions on paper, paus¬ 
ing to see the why as well as the how of each step. There is something to be learned 
from each of the solved problems; and when you have learned it, you should have 
very little difficulty with most of the supplementary practice problems and with 
the problems of your text. 

J.H. K. 

Cincinnati, Ohio 
November, 1950 
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CHAPTER 1 


Rectangular Coordinates 


RECTANGULAR COORDINATES. In earlier courses in Algebra 
and Trigonometry, use was made of rectangular 
coordinates. In this system the plane is divided 
into four quadrants by two perpendicular lines 
intersecting at a point 0. The horizontal line 
X'OXis called the x-axis. the vertical line Y'OY 
the y-axis. and the two together are called the 
coordinate axes. The point 0 is the origin. 


Yf 


Quadrant n 


Quadrant I 
(+, +) 


X' 


o 


Quadrant HI 


QuadrantE 


The distance from the y-axis is called the 
x-coordinate or abscissa of the point. The dis¬ 
tance from the x-axis is called the y-coordinate 
or ordinate of the point. The two distances taken 
together are called the coordinates of the point 
and are represented by the symbol (x,y). Abscis¬ 
sas are positive when measured to the right of 

the y-axis. negative when measured to the left. Ordinates are positive 
when measured above the x-axis. negative if below. 


Yl 


When a set of points, whose coordinates are given, are to be plotted, 
a suitable scale is chosen and marked on the coordinate axes. The points 
can then be easily plotted. 


DISTANCE BETWEEN TWO POINTS. The distance d between 
two points ?i(xi,yj and P^(x^.y^) is readily 
seen to be 

d = /(x^ + (y2 -yi)^. 

Thus, the distance between points (4,-1) and 
(7.3) is 

d = /(7 -4f + (3 + l)^' 

= 5 units. 



POINT OK DIVISION is the point which divides a line 
Consider that Pi(x^,y^) and P 2 (x^,y^) are two 
points on a line directed from P^ through P^, 
Let F(x,y) be a third point which divides the 


P P 

line so that ^ = r. Since P^P and PP^ are read 

rr 2 

in the same direction on the line, the ratio will 
be positive. If the point of division P(x,y) were 
on the segment extended in either direction, then 

P P 

the ratio = r would be negative because P^P 

Pr 2 

and PPj would then have opposite directions. 


By similar triangles, ^ = hi. - r, 

rn X2 — X PP 9 


segment in a given ratio. 
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Solving for x. x = • Similarly, y = • 

If P(x,y) is the midpoint of line » r = 1 and x = ^ . y = 

A ^ 


INCLINATION AND SLOPE OF A LINE. The inclination of a line L (not parallel to 
the X-axis) is defined as the smallest positive angle measured from the 
positive direction of the x-axis in a 
counterclockwise direction to L, Unless 
otherwise stated the positive direction 
of L will be considered upward. If L is 
parallel to the x-axis its inclination 
is defined as zero. 

The slope of aline is defined as the 
tangent of the angle of inclination. Thus 
/7i = tan6 where 0 is the inclination and 
m the slope. 

The slope of a line passing through 
two points Pi(xi,yi) and P^ix^^y^) is 

m = tan 0 = 

Xa-Xi 

regardless of the quadrants in which P^ and P^ lie. 



PARALLEL AND PERPENDICULAR LINES. If two lines are parallel, their slopes are 
equal. 

If two lines and are perpendicular, the slope of one of the lines 
is the negative reciprocal of the slope of the other line. Thus if is 
the slope of and is the slope of Lj, then mi = -l/ma, or = -1. 


ANGLE BEH'WEEN TWO INTERSECTING LINES. The angle a 
measured in a positive direction, counter¬ 
clockwise, from the lineLj whose slope is mi, 
to the line whose slope is m^ is 

tan a = ~ • 

1 + m^mi 

Proof; 02 = a + 01, or a = 02-Qi- 

tan oL = tan (02 -Oi) 

tan 0g - tan 0i _ ^ 

1 + tan 02 tan 0i 1 + 



AREA OP ANY POLYGON WHOSE VERTICES ARE GIVEN. Let 

Pa(^ 2 *ya)' ^ 3 (^ 9 »y 3 ) the ver¬ 
tices of a triangle. The area A of the tri¬ 
angle in terms of the vertices is 

^ = i(Xiy2 +*2/3 +X3yi-*3y2 -^2^1 -^ 1 ^ 9 )' 

Proof: The area of the triangle = area of 
trapezoid #iPip 3#3 + area of trapezoid MgP^P^M^ 
- area of trapezoid M^P^P^M^. Then 
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^ = i(yi +y3)(x3-xi) + i(y3+y2)(x2-xg) - i(yi + yj)(xj -x^) 

= + >f3yi - ^iy3 - >^2yi - X3y2) • 

This can be expressed also in the form of a determinant: 

^1 Yx 1 
A = ^ 1 

Xg yg 1 

Another form which is convenient to use for the area of a triangle, but 
which is especially useful when the areas of polygons of more than three 
sides are to be determined, is in the form of an array. 

A = iCXiXa + XaXg + XgKi-x^yg-Xgya-Xjyj). 4=5 

Note that the first row of the array is repeated. 

SOLVED PROBLEMS 

DISTANCE BETWEEN TWO POINTS. 

1. Determine the distance between (a) (-2,3) and (5,1), (b) (6,-1) and (- 4 ,- 3 ), 

a) d ^ /(* 2 -*i)^ + (y^-y^ = /(5 + 2)^ + (1-3)^ = /i9T4 = 

b) d = Ax^-x^f + (ya-yi? = /-4-6)^ + (-3 + 1)^ - /i04 = 2/26 





Problem i. Problem 2. 

2 - Show that points 4(3,8), B(-ll,3), C(-8,-2) are the vertices of an isosceles triangle, 
AB = As ^ Ilf +(8-3)^ == 1 / 2 ^ 

BC = /(-ll+8)^ + (3 + 2)^ = 

AC - /(3 + 8)^ + (8 + 2)^ * /22l. 


Since AB ~ AC, the triangle is isosceles. 
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3 . (a) Show that the points 4(7.5), B(2,3), C(6.-7) are the vertices of a right triangle. 
(6) Find the area of the right triangle, 

а) AB = /(7-2)^ + (5-3)^ = BC = /(2-6)^ + (3 + 7)^ = /UB 

AC = /(7-6)^ + (5 + 7)^ = /liS 

Since (AB)^ + (BC)^ = (40)^ , or 29 + 116 = 145, 4BC is a right triangle. 

б ) Area = 5(48) (BC) = 5 /^ /Tie = 29 square units. 




4. Show that the following points lie in a straight line: 4(-3,“2), B(5,2), C(9,4)» 
4B = /(5 + 3)^ + (2 + 2)^ = 4/5 BC = /(9 -5)^ + (4-2)^ = 2/5 

4C = /(9-t-3)^ + (4 + 2)^ = 61/5 

Since 4B + BC - 4C, or 4v^ + 2/5 * 6/5, the points lie in a straight line. 


5* Determine the point which is equidistant from points 4(1,7), B(8,6), C(7,-l). 

Let P(x,y) be the required point. Then PA - PB - PC. 

Since P4 = PB. /(*-l)^ + (y-7)^ = /(x-8)^ + (y-6)^ . 

Squaring and simplifying, this reduces to 7x - y - 25 = 0. (1) 

Since P4 = PC, /(x - 1 )^ + = Ax-if + (y + lf . 

Squaring and simplifying, this reduces to 3x - 4y = 0. (2) 

Solving ( 1 ) and (2) simultaneously gives x =4, y = 3. Hence the requiredpoint is (4,3). 


POINT WHICH DIVIDES A LINE SEGMENT IN A GIVEN RATIO. 

6. Find the coordinates of the point P(x,y) which divides the line 
segment fromPi(l,7) to Pa(6.-3) in the ratio r = 2/3. 

Since the ratio is positive, P^P and PPj must have the same 
direction and P(x,y) must be on the segment P^Pa (internal di¬ 
vision). no - 
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1 + r 


1 ^ 5 ( 6 ) 

-I 


= 3 


y = 


yi ryg 

1 + r 


7 . ^(-3) 

-I 


= 3 


The required point is (3,3). 


7« Determine the coordinates of the point P(*,y) which divides the line segment fromPi(-2,l) 
to P2(3,-4) externally in the ratio r = -8/3. 


Since the ratio is negative, P^P and PPg have opposite directions and P(x,y) must be 

g 

outside segment (external division). ‘ 


r ^ - 


PP 


X = 


x^+ rxg 
1 + r 


-2 + (- |)(3) 

TTTF 


=* 6 


y = >1 ^>2 = 

1 + r 


1 + (- |) (-4) 

-rTTTir 


= -7 



problem 7. 




8. A circle with center at Pi(-4,1) has one end of a diameter at P2(2,6). Determine the co 
ordinates P(x,y) of the other end. 


r = ^ . 

PPo 


1 

2 


Since PjP and PP^ are read in opposite directions along the line, the ratio r is nega¬ 
tive. 


X, + rx 


X = 


2 _ 


1 + r 


-4 + (- ^)(2) 

1 ^ (- i) 


= -10 




1 + r 


1 . 



Determine the two points of trisection, 
ing 4(3,-l) andB(9,7). 


To find Pi(xi,yi): 


APj _ 1 
PiB 2 ' 


Pi(xi,yi) and P 2 (x 2 »y 2 )» the line segment join- 



3 ^ 1(9) 




-1 + 1 ( 7 ) 



5 

3 




To find p 2 (x 2 »y 2 )* ^*2 


APg ^ 2 ^ 
PaB “ 1 ' 



3 2(9) 

1 + 2 




-1 + 2(7) 
1+2 


13 

• 

3 
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10 . The point B(-4,1) is three fifths of the distance from 
one end A (2,-2) of a line segment to the other end C(x,y). 
Find end point C{x,y). 

^ _ 3 = ^ 

W: ' 2 ^ CB ~ ~ 2 

Since AC and CB are read in opposite directions, the 
ratio r is negative. 




11. The medians of a triangle intersect in a point P(x,y), 
called the centroid of the triangle, which is 2/3 of 
the distance from any vertex to the midpoint of the op¬ 
posite side. Find the coordinates of P{x,y) if the ver¬ 
tices of the triangle are /4(j:i,yi), ^(Xg.ya). 

Consider the median/iPD, where!)is the midpoint of 6C. 

The coordinates of D are ^^ • 

^ ^ 2 AP 2 ^ 

Given — s -. Then r = -r = - = 2. 

AD 3 PD 1 


X 


+ 2 ( 


Xg +Xg 


) 


1 + 2 


X^ 4-Xg -fXg 

3 



y = 


^ 2 * ^ yi + yg + yo 

1+2 3 


The required point is |(xi+X 2 +X 3 ), |(yi + ys ys)• result is obtained when 

4P BP CP 2 . 

median BPE or median CPF is employed, and r 


INCLINATION AND SLOPE OF A LINE. 


12. Find the slope m and the angle of inclination 9 
of the lines through each of the following pairs 


of points: 
a) (-8,-4), (5,9). 

c) (-11,4), (-11,10) 

b) (10,-3), (14,-7). 

d) (8.6), (14,6). 

m = tan 0 

11 

1 1 

, 9+4 , 

5+8 

e = tan"^ 1 = 45° 

tx -7+3 , 

14-10 = -^ 

e = tan"^ -1 = 135 

e)„, = =6=00 

-11 + 11 0 

6 = tan’^oo = 90° 

^)"=i4-8 = r° 

e = tan“^ 0 = 0° 
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/ 


13 . Show that the three points 4(-3,4), B(3,2) and C(6.1) lie on the same straight line. 

Slope of AB = = - •? ' Slope of AC = J—-1 = - i . 

3+33 6+33 

Since the slope of AB equals the slope of AC» the three given points lie on the same 
straight line. 

14. By means of slopes, show that the points 4(8,6), B(4,8) and C(2.4) are the vertices of a 
right triangle. 

Slope of 4B = 5-^ " “ i of BC = = 2 . 

Since the slope of AB is the negative reciprocal of the slope of BC, these two sides 
of the triangle are perpendicular. 


ANGLE BETWEEN TWO INTERSECTING LINES. 

15* The angle between two lines, and is 
the slope I-s* 



Problem i5» 


45^^. If the slope of is 2^3, determine 



Problem 16* 
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AREA OF ANY POLYGON WHOSE VERTICES ARE GIVEN. 

17 . Find the area A of the triangle whose vertices are (2,3), 
(5.7), (-3.4). 

12 3 1 


I 2 3 I 

= 5[2*7 + 5-4 + (-3)(3) - 2-4 - (-3)(7) - 5-3] 

= 5(14 + 20 - 9 - 8 + 21 - 15) = 11.5 square units. 

18. Find the area 4 of the pentagon whose vertices are (-5.-2), (-2,5), (2,7), (5,1), (2,-4). 

-5 -2 
-2 5 

2 7 

5 1 

2 -4 
-5 -2 

= 5[(-5)(5) + (-2) (7) + 2*1 + 5(-4) + 2(-2) 

- (-5) (-4) - 2'1 - 5-7 - 2*5 - (-2) (-2)] 

= 5(-132) = -66. 

Answer: 66 square units. If the vertices are taken in 
order counterclockwise around the polygon, the sign of the 
area will be positive; if taken in a clockwise direction, 
the sign will be negative. 


SUPPLEMENTARY PROBLEMS 

1. Plot the points whose coordinates are; (2,3), (4,0), (-3,1), (v^,-l), (-2,0), (-2, ✓T), 

(0,1), (-2,/8), (/7,0). (0,0), (4.5,-2), (/l0,-/t), (0, v^), (2.3,-6). 

2. Draw the triangle whose vertices are; (a) (0,0), (-1,5), (4,2); 

(b) (v^, 0), (4.5), (-3,2): 

(c) (2+ 1 / 2 ,-3). (/3,3). (-2, 

3 . Draw the polygon whose vertices are; (a) (-3,2), (1,5), (5,3), (1,-2); 

(fc) (-5,0), (-3,-4), (3,-3), (7,2), (1,6). 

4 . Find the distance between the pairs of points whose coordinates are; 

(а) (4,1),, (3,-2): (c) (0,3), (-4.1): (e) (2,-6), (2,-2); 

(б) (-7,4). (1,-11): id) (-1,-5), (2,-3^: (/) (-3,1), (3,-1). 

4ns. (o) /lO. (6) 17, (c) 2v^. (d) /l3, (e) 4, (/) 2/iO. 

5 . Find the perimeters of the triangles whose vertices are; 

(а) (-2,5). (4.3). (7,-2): (c) (2,-5), (-3,4), (0,-3): 

(б) (0,4), (-4,1), (3,-3): (d) (-1,-2), (4,2), (-3,5). 

4ns. (a) 23.56, (6) 20.67, (c) 20.74, (d) 21.30. 

6. Show that the triangles whose vertices are given are isosceles: 

(o) (2,-2), (-3,-1), (1,6); (c) (2,4), (5,1), (6.5): 

(6) (-2,2), (6,6), (2,-2): (d) (6,7), (-8.-1), (-2,-7). 
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7, Show that the triangles whose vertices are given are right triangles. Find their areas. 

(a) (0,9), (-4,-1). (3,2): (c) (3,-2), (-2,3), (0,4): 

(b) (10,5), (3,2), (6,-5): (d) (-2.8), (-6.1), (0.4). 

An$, Areas: (a) 29, (b) 29, (c) 7.5, (d) 15 square units. 



Prove that the following points are the vertices of a parallelogram: 


(a) (-1,-2), (0,1), (-3,2), (-4,-1): 

(b) (-1,-5), (2,1), (1,5), (-2,-1): 


(c) (2,4), (6,2), (8,6), (4.8). 


9. Find the coordinates of the point which is equidistant from: 

(a) (3,3), (6,2), (8,-2): (b) (4,3), (2.7), (-3,-8): (c) (2,3), (4,-1), (5.2). 

Ans. (a) (3,-2), (b) (-5,1), (c) (3,1). 

ID. Show that the following points lie in a straight line. Use the distance method. 

(a) (0,4), (3,-2), (-2,8): (c) (1,2), (-3,10), (4,-4): 

(b) (-2,3), (-6,1), (-10.-1): id) (1.3), (-2,-3), (3,7). 

11. Prove that the sum of the squares of the distances of any point P(x,y) from two opposite 
vertices of any rectangle is equal to the sum of the squares of its distances from the 
other two vertices. Choose the vertices (0,0), (0,b), (a.b) and (a,0). 


12. Determine the point 10 units distance from (-3,6) and with the abscissa 3. 

Ans. (3,-2), (3,14). 

13. Find the coordinates of the point P(x, y) which divides the segment of the line from 

such that = r. 

rr 2 


(a) Pi (4,-3), Pad,4), ^ | * 

(b) Pi (5,3). Pa(-3,-3), ^ = | * 

2 

(c) Pi(-2,3), Pa(3,-2), ^ = 5 ’ 

Ans. (a) (2, |), (b) (3, |). (c) (-|»^), 


(d) Pi (0,3), P2(7.4). ^ =^- I ' 

(e) Pi (-5, 2), Pa (1,4). »" = - | • 

(/) Pi(2.-5), Pa(6.3), r = I . 

(d) (e) (10,7), (/)(^' 



14. Find the coordinates of the centroid of each of the triangles whose vertices are: 

(а) (5,7). (1,-3), (-5,1): (C) (^,6), (-5,2), (7,-6): (c) (-3,1). (2.4), (6,-2). 

(б) (2,-1), (6,7), (-4,-3): (d) (p.4>, (3,-6), (-5,2): 

Ans. (a) (|-|). .(<>) 4' 1^’ 4’ 4’ 

15. If the point (9,2) divides the segment of the line fromPi(6,8) toP 2 (^ 2 ,y 2 ) in the ratio 
r = 3/7, find the coordinates of Pa. Ans. (16,-12). 

16. Determine the coordinates of the vertices of a triangle if the midpoints of its sides are 
(-2,1), (5,2) and (2,-3). 4ns. (1,6). (9,-2), (-5,-4). 

17. Determine the coordinates of the vertices of a triangle if the midpoints of its sides are 
(3,2), (-1,-2) and (5,-4). 4ns. (-3,4), (9,0), (1,-8). 


. Show analytically that the lines joining the midpoints of the adjacent sides of the quad¬ 
rilateral 4(-3,2), B(5,4), C(7,-6), 0(-5,-4) form a second quadrilateral whose perimeter 
is equal to the sum of the diagonals of the first. 
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19. Show that the line joining the midpoints of the sides in each triangle in Problem 14 is 
parallel to the third side and one half as long. 

20. Given the quadrilateral 4(-2,6>. B(4,4), C(6.-6) andZ)(2.-8). 

(a) Show that the line segment joining the midpoints of AD and BC bisects the segment 

joining the midpoints of AB and CD, 

(b) Show that the line segments joining the midpoints of adjacent sides of the quadri¬ 
lateral form a parallelogram. 

21. The line segment joining 4(-2.-l) and B(3,3) is extended to C. If BC = 3AB find the co¬ 
ordinates of C. 4ns. (18.15) 

22. Show that the midpoint of the hypotenuse of a right triangle is equidistant from the ver¬ 
tices of the triangle. Hint: Take the vertex of the right angle at (0.0) and the other 
vertices at (a.O) and (0.6). 

23. In each of the isosceles triangles in Problem 6. show that two of the medians are equal 
in length, 

24. Find the slopes of the lines passing through the following pairs of points: 

(а) (3.4). (1.-2); (c) (6.0), (6. i/3): (e) (2.4). (-2.4): 

(б) (-5.3). (2.-3): (d) (1.3), (7.1): (/) (3.-2), (3.5). 

4ns. (a) 3. (6) - (c)oo, (d) - i . (c) 0, (/) co 

25. Find the inclination of the lines passing through the following pairs of points: 

(а) (4,6) and (1.3); (c) (2,3) and (1,4): (e) (/3,2) and (0,1): 

(б) (2, v^)and (1,0): (d) (3,-2) and (3.5): (/) (2.4) and (-2,4). 

4ns. (a) 0 = tan"^ 1 = 45°. (c) 0 = tan'^-1 =135°. (e) 0 = tan"^ l/^/3 = 30°. 

(6) 0 = tan'^ ^ = 60°. (d) 0 = tan"^ oo = 90°. (/) 0 = tan’^ 0=0°. 

26. Which of the following sets of points lie on a straight line? Use the method of slopes. 

(а) (2,3). (-4,7) and (5,8). (d) (0.5). (5,0) and (6,-1). 

(б) (4.1), (5,-2) and (6,-5). (e) (a.O), (2a,-b) and (-a,2b). 

(c) (-1,-4), (2,5) and (7,-2). (/) (-2,1), (3,2) and (6,3). 

4ns. (a) No, (6) Yes, (c) No, (d) Yes. (e) Yes, (/) No. 

27. Prove that (1,-2) is on the line joining the points (-5,1) and (7,-5) and is equidistant 
from them. 

28. By using slopes show that the following sets of points are the vertices of a right tri¬ 
angle: 

(а) (6.5). (1,3) and (5,-7): (c) (2,4), (4,8) and (6,2): 

(б) (3.2), (5,-4) and (1,-2): (d) (3.4), (-2,-1) and (4.1). 

29. Find the interior angles of the triangle whose vertices are: 

(а) (3.2), (5.-4) and (1,-2). 4ns. 45°, 45°, 90°. 

(б) (4,2), (0,1) and (6.-1). 4ns. 109°39.2\ 32°28.3', 37°52.5'. 

(c) (-3.-1), (4,4) and (-2,3). 4ns. 113°29.9', 40°25.6', 26°4.5'. 

30. By determining the interior angles show that the following triangles ^re isosceles. Clieck 
by finding the lengths of the sides. 

(а) (2.4), (5.1) and (6.5). 4ns. 59°2.2'. 61°55.6', 59°2.2'. 

(б) (8,2). (3,8) and (-2,2). 4ns. 50°11.7'. 79°36.6'. 50°11.7'. 



RECTANGULAR COORDINATES 


1 


(c) (3,2), <5.-4) and (1,-2). Ans. 45®. 45°, 90°. 

(d) (1,5), (5,-1) and (9,6). Ans. 63°26\ 63°26', 53°8'. 

31. The slope of a line through A(3,2) is 3/4. Locate two points on this line that are 5 
units from 4. Ans. (7,5), (-1,-1). 


32. The angle from the line through (-4,5) and (3,y) to the line through (-2,4) and (9,1) 

is 135°. Find the value of y. Ans. y = 9. 

33. The line makes an angle of 60° with the line L^. If the slope of is 1, find the 

slope of Lg. 4ns. —(2+v^) 

34. Find the slope of a line which makes an angle of 45° with the line through (2,-1) and 
(5,3). 4ns. mg * -7 

35. Find the equation of the line through the point (2,5) which makes an angle of 45° with 
the line * -3y + 6 = 0. 4ns. 2a: - y + 1 = 0 



Find the areas of the triangles whose 

(а) (2,-3), (4.2) and (-5.-2). 

(б) (-3,4), (6,2) and (4.-3). 

(c) (-8,-2), (-4,-6) and (-1,5). 

{d) (0,4), (-8,0) and (-1,-4). 

(e) (/2. 2),- (-4,6) and (4, 

(/) (-7,5). (1,1) and (-3,3). 

(g) (a, 6+c), (6, c+a) and (c, a + b 


vertices are: 

4ns. 18.5 square units 
4ns. 24.5 
4ns. 28 
4ns. 30 

4ns. 7/2-2 = 7.899 
4ns. 0. Explain your answer. 
. 4n5. 0 


37. Find the areas of the polygons whose vertices are: 


(a) 

(2. 

5), 

(7.1), 

(3,-4) and (- 

•2.3). 

4ns. 

39.5 square units 

(i>) 

(0. 

4). 

(1,-6), 

(-2,-3) and 

(-4,2). 

4ns. 

25.5 

(c) 

(1. 

5). 

(-2.4). 

(-3,-1), (2, 

-3) and (5,1). 

4ns. 

40 


38. Show that the lines joining the midpoints of the sides of each triangle in Problem 36 
divide the triangle into four triangles whose areas are equal. 



CHAPTER 2 


Equation and Locus 


THET TWO FUNDAMENTAL PROBLEMS OF ANALYTIC GEOMETRY are: 

1. Given an equation, to find the corresponding locus. 

2. Given a locus defined by some geometrical condition, to find the cor¬ 
responding equation. 

THE LOCUS. OR GRAPH, of an equation in two variables is the curve or straight 
line containing all the points, and only the points, whose coordinates 
satisfy the equation. 

Before plotting the graph of an equation, it is most often very help¬ 
ful to determine from the form of the equation certain properties of the 
curve. Such properties are: intercepts, symmetry, extent. 

INTERCEPTS. The intercepts of a curve are the directed (positive or negative) 
distances from the origin to the points where the curve intersects the 

coordinate axes. 

To determine the x-intercept, let y =0 in the equation and solve for x. 
Similarly, to find the y-intercept, let x=0 and solve for y. 

Thus in the equation y^ + 2x = 16, when y=0, x = 8; when x=0, y = ±4. 
Hence the x-intercept of the curve is 8, and the intercepts on the y axis 

are ± 4. 

SYMMETRY. Two points are symmetric with respect to a line if that line is the 
perpendicular bisector of the line connecting the two points. Two points 
are symmetric about a point if that point is the midpoint of the line 
connecting the two given points. It follows that: 

1. If an equation remains unchanged when x is replaced by -x, the graph 
is symmetric with respect to the y-axis. For every value of y in such 
an equation there are two numerically equal values of x witli opposite 

signs. 

Example: x^ - 6y + 12 = 0. or x = ±/6y -12 . 

2. If an equation remains unchanged when y is replaced by -y, the graph 
is symmetric with respect to the x-axis. For every value of x in such 
an equation there are two numerically equal values of y with opposite 
signs. 

Example: y^ _ 4x - 7 = 0, or y = ±/4x + 7. 

3. If an equation remains unchanged when x is replaced by -x and y is re¬ 
placed by -y. the graph is symmetric with respect to the origin. 

Example: x^ + x + y^ =0. 

EXTENT. If certain values of one variable cause the other variable to become 
imaginary, such values must be excluded. 

Consider the equation y^ =2x-3, or y = ±/2x If xis less than 1.5, 
then 2x-3 is negative and y is imaginary. Therefore no value of x less 
than 1.5 may be used, and the curve lies entirely to the right of the line 
X = 1. 5. 
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Solving for x, x _ i(y^+ 3). Since any value of y gives a real value 
of X, no value of y is excluded and the locus extends to infinity, y in¬ 
creasing numerically as x increases from x = 1 . 5 . 


SOLVED PROBLEMS 


LOCUS OP A GIVEN EQUATION. 



Discuss and plot the locus of the ellipse 9x^ + 16y^ = 144, 




Intercepts. When y=0. x = ±4. When x = 0. 
y = ±3. Hence the x-intercepts are ± 4 , and the 
y-intercepts are ±3. 

Symmetry, Since the equation contains only 
even powers of x and y, the curve is symmetric 
about both axes and therefore about the origin. 
Hence it is sufficient to plot only that part of 
the curve which lies in the first quadrant and 
determine the rest of the curve by symmetry. 

Extent. Solving for y and for x, 
y = ± I X = ± I /9 -y^. 



If X is numerically greater than 4, 16-x^ is negative and y is imaginary. Hence x can 
have no value greater than 4 nor less than -4» or 4 ^ x ? -4. Similarly, y can have no 
value greater than 3 nor less than - 3 , or 3 > y > - 3 . 


X 

0 

±1 

±2 

±3 

±3.5 

±4 

y 

±3 

±2.9 

±2.6 

±2.0 

±1.5 

0 


2 . Discuss and plot the graph of the parabola y^ - 2y - 4x + 9 = 0. 

Solving for y by the quadratic formula, 

—6 ± — 4ac . , 

y = - 2 ^-» where a = l, 6 = -2, c = -4x + 9: 

y = 1 ± 2v'^^. (1) 

Solving for x, x = ~— - 2y + 9 ^ 

4 

Intercepts. When y = 0, x ® 9/4. When x = 0, y is 
Imaginary (1± 2v^). Hence the x-intercept is 9/4» and 
there is no y-intercept. 

Symmetry. The curve is not symmetric about either 
of the coordinate axes nor about the origin. 

It is symmetric about the line y = 1* as each value of x gives two values of y, one 
value being as much greater than 1 as the other is less than l. 

Extent. Prom ( 1 ): If x is less than 2, x-2 is negative and y is imaginary. Hence x 
can have no value less than 2. 

Prom (2): Since any value of y gives a real value of x, no value of y is excluded. 


X 

2 

9/4 

3 

4 

5 

6 

y 

1 

0,2 

3,-1 

3.8.-1.8 

4.5, -2.5 

5,-3 
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3* Discuss and plot the graph of the hyperbola ly - 2y - x = 0. 


Intercepts. When x - 0. y = 0; when y = 0» x - 0. 

Symmetry, The curve is not symmetric about either 
of the coordinate axes or about the origin. 

Extent, Solving for y. y = x^2 ' ^ ~ 

denominator x-2 becomes zero and y becomes infinite. 

Solving for x, x = • If y = 1. the 

y-1 

denominator y-1 becomes zero and x becomes infinite. 

No value of either variable will make the other 
imaginary. 


X 

0 

1 

l5 

Id 

2 

2i 

25 

71 

4 

5 

-1 

-2 

-3 

-4 

y 

1 

0 

-1 

-3 

-7 

00 

9 

5 

3 

2 

1.7 

.3 

.5 

.6 

.7 



As X approaches the value 2 from the left, y becomes negatively infinite. As x ap¬ 
proaches 2 from the right, y increases without limit. The two parts of the curve approach 
indefinitely near the line x = 2, becoming tangent to the line at ± infinity. The line 
x-2 * 0 is called a vertical asymptote to the curve. 

X 1 

Now what happens when x becomes infinite? Consider y = - •= = • • • As x becomes 

X ^ ^ j « 

X 

2 

positively or negatively infinite, - approaches zero and y approaches 1. The line y-1 - 0 

X 

is a horizontal asynqjtote. 


4. Discuss and plot the graph of 

x^y - 4y + X = 0. 

Intercepts, When x = 0, y = 0. 

When y = 0, x = 0. 

5yffun«fry, Writing -x for x and -y for y, 
the equation becomes —x^y + 4y - x = 0, which 
when multiplied through by -1 becomes the o- 
riginal equation. Hence the curve is symmet¬ 
ric about the origin. It is not symmetric 
about either axis. 

Extent, Solving for y, 

X _ _X_ ^ 

^ 4_x^ (2-x)(2 + x) 



The vertical asymptotes are x-2 = 0, x + 2^0. 
Solving for x by the quadratic formula, x 


-1 ± /l + 16y^ 

2y 


ptote is y = 0. 

No value of either variable will make the other imaginary. 


The horizontal asym- 
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5« Plot the locus of ~ X + xy + y - 2y^ = 0. 

Sometimes an equation will factor, in which 
case the locus of the equation will consist of 
the loci of the several factors. 

Since the equation factors into 
(x - y)(x + 2y - 1) = 0, 
its locus is the two Intersecting lines 
jt - y = 0 and X + 2y - 1 ~ 0 . 



6, Determine the real points, if any, on the graphs of the following equations. 

а. (X + 4)2 + (y - 2)2 - -5. d, + 2y2 - 6x + 11 - 0. 

б. x2 + y2 = 0. e. (x2 - 4 y 2)2 ^ (x + 3y - 10)^ = 0. 

c. x2 + y2 _ 8x + 2y + 17 = 0. /. x^ + (2i - l)x - (6i + 5)y - 1 = 0 . 

а. Since the square of any real number is positive, both (x + 4)^ and (y - 2)^ are 

positive and the equation cannot be satisfied by any real values of x and y. 

б. It is evident that the only real point which satisfies this equation is (0.0). 

c. Rearranging, (x^ - 8x + 16) + (y^ + 2y + 1) = 0, or (x - 4)^ + (y + 1)^ = 0. Then 

X - 4 = 0 and y + 1 = 0, or x = 4, y = -1. Hence the only real point on the graph of this 

equation is (4,-1). 

^ d. Rearranging, - 6x + 9 + 2 / + 2 = 0. or (x - 3)^ + 2y^ + 2 = 0. Since (x-3)^ 

^ and 2 are each positive for any real values of x and y, the given equation cannot be 
satisfied by real values of x and y. 

e. The equation is satisfied by values of x and y which make x^— 4y2 =0 and x + 3y — 10 
= 0, simultaneously. Solving these two equations for x and y gives (4,2) and (—20,10) as 
the only real points on the locus. 

/. Collecting real parts and imaginary parts, (x^-x -5y-1) + 2i(x - 3y) = 0. This 
equation is satisfied for values of x and y which make x2-x - 5y-l = 0 and x - 3y = 0, 
simultaneously. Solving these two equations for x and y gives (3,1) and (- 1 / 3 , - 1 / 9 ) as 
the only real points on the locus of the equation. 


7 * Solve the following pair of simultaneous equations graph¬ 
ically, then check results by solving them algebraically. 

xy = 8 (1) 

X - y + 2 = 0 (2) 

Solving ( 1 ) for y, y = When x = 0, y is infinite. 

Solving ( 1 ) for X, x = 5 . when y = 0, x is infinite. 

Then y = 0 is a horizontal asymptote, and x = o is a 
vertical asymptote. 


X 

0 

1 1 

2 

3 

4 

-1 

-2 

-3 

-4 

y 

CD 

8 

4 

8/3 

2 

-8 

-4 

-8/3 

-2 



Equation (2) represents a straight line whose intercepts are (-2.0) and (0,2). 
Prom the graph the solutions read (-4,-2) and (2,4). * 




16 


EQUATION AND LOCUS 


Algebraic Solution, Prom (2)» y = x + 2. 

Substituting in (l), x(x + 2) = 8. or + 2x - 8 = 0. 

Factoring, (x + 4)(x - 2) = 0. Hence x = -4 and x = 2. 
Since y = x + 2, y = -2 when x = -4. and y = 4 when x = 2. 


8. Solve the following pair of simultaneous equations graph¬ 
ically, then check your results analytically. 

4x^ + = 100 (1) 

9x^ - = 108 (2) 

Each of the curves is symmetric about both axes and 
the origin. 

Solving (1) for y, y = ± /lOO - 4x^. Hence x cannot 
have any value greater than 5 nor less than —5. 

Solving (1) for x, x = 5 /lOO - y^ . Hence y cannot 
have any value greater than 10 or less than —10* 


X 

0 

±1 

±2 

±3 

±4 

±5 

y 

±10 

± 9.8 

± 9.2 

±8 

±6 

0 


Solving (2) for y. y = ±3 /x^ -12. Hence x can have 
no value between /l2 and -vT2. 

Solving (2) for X. x = ± i /y^ + 108. Hence y may have any value. 


X 

±/l2 

±4 

±5 

±6 

y 

0 

±6 

±10.8 

±14.7 


Reading from the gr^h the solutions are (4,±6)» (-4» ±6). 



Algebraic Solution, Aj? + y^ = 100 

9x^ - y^ = 108 

13x* = 208. x^ = 16. and X = ±4. 
y2 = - 108 = 144 - 108 = 36, and y = ±6. 


EQUATION OP A GIVEN LOCUS. 

9* Find the equation of the straight lines which are 

(а) 5 units to the left of the y-axis, 

(б) 7 units above the x-axis. 

(c) 10 units to the right of the line x + 4 = 0. 

(d) 5 units below the line y = 2. 

(c) Parallel to the line y + 8 = 0 and 6 units from (2.1). 
if) Perpendicular to the line y — 2 = 0 and 4 units from (—1,7). 

(а) X = -5, or X + 5 = 0. This is the equation of the line which is parallel to the y- 
axis and 5 units to the left of the y-axis. 

(б) y = 7. or y - 7 = 0. This is the equation of the line which is parallel to the x-axls 
and 7 units above the x-axls. 
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(C) X * -4 + 10, or X 
right of the line x + 
the y-axis. 


= 6. This is the equation of the line which is lo units to the 
4=0. It is parallel to the y-axis and 6 units to the right of 


y = 2 - 5, or y = -3. This is the equation of the line which is 5 units below the 
line y - 2 = 0. It is parallel to the x-axis and 3 units below the x-axis. 

(e) Since the line y + 8 = 0 is parallel to the x-axis. each required line is also par¬ 
allel to the X-axis and 6 units above or below the line y = i. Then y=l±6 orv=7 
and y = -5. j * j 

(/) Since the line y - 2 = 0 is parallel to the x-axis, each required line is parallel 
to the y-axis and 4 units to the right or left of the line x = -i. Then x = -1 ± 4 or 
X = 3 and x = -5. 


10. Determine the equation of the line 

(а) parallel to the x-axis and 5 units from the point ( 3 ,- 4 ). 

(б) equidistant from the lines x + 5 = o and x - 2 = 0. 

(c) three times as far from the line y — 9 = 0 as from the line y + 2=0. 


Let (x,y) be any point on the required line. 

(а) y = -4 ± 5, or y = 1 and y = - 9 . 

(б) I-£ = 1 , or X = — ^ = - I . or 2x + 3 


2 - X 


= 0 . 


(c) 


y + 2 1 

3 _ y ^ 3 * Simplifying, 4y - 3 = 0 and 2y + 15 = 0. 


For the line 4y - 3 = 0, which is between the two given lines, the ratio is + 1 . For 

the line 2y + 15 = 0, which is below the two given lines, the ratio is - i - 

3 


11. Derive the equation of the locus of a point P(x,y) which moves in such a way that it is 
always equidistant from the points 4(-2,3) and 5(3,-l). 

PA = P5, or /(x + 2f + (y - 3)^ = /(x - 3)^ + (y + 1)^. 

Squaring and simplifying, we obtain lOx - 8y + 3 = 0. This is the equation of the 
perpendicular bisector of the segment of the line connecting the two points. 


12. Find the equation of a line 

(а) with slope 2/3 and passing through the point (-4,5). 

(б) passing through the two points (3,-1) and (0,6). 




Let (x,y) be any point on the required line. 

The slope of the line through points (xi.yi) and (x^^ys) 

The slope of the line joining (-4,5) and (x,y) is -• 

Then y ~ ^ = I . Simplifying, 2x - 3y + 23 = 0. 

Slope of line joining (3,-1) and (0,6) = slope of line 

^ ~ ^ ■ Simplifying, 7x + 3y - 18 = 0. 

X — 0 •' 


yg - yi . 

X2 - Xi 


joining (0,6) and (x,y). 


Then 
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13 . Find the equation of the line 

(а) passing through (2,-1) and perpendicular to the line through (4,3) and (-2,5). 

(б) passing through (—4,1) and parallel to the line through (2,3) and (—5,0). 


(a) If two lines are perpendicular, the slope of one of the lines is the negative recip- 
rocal of the slope of the other line. 

5-3 1 

Slope of line through (4,3) and (-2,5) = _2 - 4 ~ ” 3* 

Slope of the required line = negative reciprocal of - | = 3. 

Let (x,y) be any point on the required line. Then the slope of the required line 
through (x,y) and (2,-1) = = 3. Simplifying, 3x - y - 7 = 0. 

(b) If two lines are parallel, their slopes are equal. 

Let (x,y) be any point on the required line. 

Slope of line through (2,3) and (-5,0) = slope of line through (z.y) and (-4,1). 


Then 


3 - 0 , y - 1 . 

2+5 X + 4 


Simplifying, 3x - 7y + 19 = 0. 


14, A point P(x,y) moves in such a way that its distance from C(2,-l) is always 5 . Find the 
equation of its locus. 

The distance PC = 5, or v/(x - 2)^ + <y + = 5* 

Squaring and simplifying, the required equation is x^ + y^ - 4x + 2y = 20. 

The locus is a circle with its center at (2,-1) and radius 5. 


15 . A point P(x,y) moves so that the sum of the squares of its distances from points A(0,0) 
and B(2,-4) is always 20. Derive the equation of its locus. 

(PAf + (PBf = 20, or x^ + y^ + [(x - 2)^ + (y + 4)*] = 20. 

Simplifying, x2 + y2_2x + 4y = 0. This is the equation of a circle with diameter 4B. 


16 , A point P(x,y) moves so that the sum of its distances from the coordinate axes equals 
equals the square of its distance from the origin. Determine the equation of its locus. 


Distance of P(x,y) from y-axis + distance fromx-axis = square of distance from (0,0). 

Then x + y = x^ + y^ or x^ + y^ - x - y - 0. This is the equation of a circle 
with center (i,i) and radius i v^. 


17 , The point P(x,y) moves so that the ratio of its distance from the line y - 4 = 0 to its 
distance from the point (3,2) is 1. Determine the equation of its locus. 


Distance of P(x,y) from y-4 = 0 _ ^ _ 4 -y _ _ 

Distance of P(x,y) from (3,2) /(x-3)^ + (y-2)^ 

Squaring and simplifying, (4-y)^ = (x-3)^+ (y-2)^, or x^-6x + 4y-3 = 0, 
This is the equation of a parabola. 
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18 . Given two points P^(2>4) and p2<5.-3). Determine the equation of the locus of the point 

if the slope of PP^ is 1 more than the slope of PP 2 . 

Slope of ppj = slope of PP^ + 1 , or = y ^ + 1 , 

X - 2 X - 5 

Simplifying, + 3y — 16 = 0* which is the equation of a parabola. 

19 « Derive the equation of the locus of a point P(x,y) which moves in such a way that its 
distance from the point P(3.2) is always equal to its distance from the y-axis, 

PF = X, or y/(x -3)^ + (y - 2)^ = x, or x^ - 6x + 9 + y^ - 4y + 4 = 

Simplifying, y^ — 4y - 6x + 13 = 0. which is the equation of a parabola. 

20. A point P(x,y) moves in such a way that the difference of its distances from ( 1 , 4 ) and 
^2(1,-4) is always equal to 6. Derive the equation of its locus. 

Pfi - PFi = 6. or /(*-!)* + (y-4)^ - /(*-!)“ + (y + 4)^ = 6. 

Transfer one radical to the right of the equation. 

/(x-1)^ + (y-4)^ = 6 + /(x-1)^ + (y + 4)^. 

Squaring, x^ - 2x + 1 + y^-8y + 16 = 36 + 12- 2x + 1 + y^ + 8y + 16. 

Simplifying, 4y + 9 = -3/(x - 1)^ + (y + 4)^ . 

Squaring. iSy® + 72y + 81 = 9x=^ - 18x + 9 + 9y^ + 72y + 144. 

Simplifying, 9x* — 7y^ - 18x + 72 = 0. the equation of a hyperbola. 


SUPPLEMENTARY PROBLEMS 


LOCUS OP A GIVEN EQUATION. 

Discuss and plot the graph of each of the following equations I-18. 


1. 

x2 4 

2x - 

y + 3 = 0 

10. 

y = x(x + 

2)(x - 3) 


2. 

4x2 

- 9y^ 

+ 36 = 0 

11. 

(x2 + 2xy 

1 

+ 

+ y2 - 33)^ = 

3. 

x2 + 


8x + 4y - 29 = 0 

12. 

x^y + 4y - 

■8=0 


4. 

2x2 

+ 3y2 

- 18 = 0 

13. 

+ 4x* 

- 9y2 = 0 


5. 

3x2 

+ 5y2 

= 0 

14. 


4x - 6y + 17 = 

= 0 

6. 

4y^ 

- x’ = 

= 0 

15. 

2x* + y^ - 

2y^i + x2i - 

54 - 17i = 0 

7. 

(xy - 

-6)^ + 

• (x2 + 3xy + y^ + 5) =0 

16. 

y(x + 2)(x 

- 4) - 8 = 0 


8. 

8y - 

x’ = 

0 

17. 

x^ + xy - 

2y^ - 3x + 3y 

= 0 

9. 


x(x - 

■ 2)(x + 3) 

18. 

(x® - y) - 

yi = (5 - 2x) 

+ 3(1 - x)i 


Plot the graphs of the following pairs of simultaneous equations and find the solutions 
of the equations from the graphs. Check results by solving the equations algebraically. 

19. y = X®, X - y + 2 = 0. Ans. (2.4). (-1.1). 
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20. 

4y . 

2 

- X = 

0. x^ 

CO 

1 

= 0. 

21. 



20 = 0, 

y" - 2x 

- 12 = 0. 

22. 


- 2x - 

5 = 0. 

3x^ - 2y' 

'-1 = 0. 

23. 

■ 

- 4x - 

9 = 0. 

x^ + 2y - 

-6 = 0. 

24. 

2x^ 


-6 = 0, 

- y^ 

-4 = 0. 

25. 

2x^ 

- 5xy 

+ 2y2 = 

0. x^ + 

/ - 5 = 0. 

CD 

x^- 

-y^ +x 

-y = 0. 

x^ — 2xy - 

3x + 6y = 0. 


Ans. 

(2,1), (-2,1), others 

imaginary. 

Ans. 

(2, ±4), (-4, ±2). 




Ans. 

(2.7, ±3.2), (-1.4, 

±1 

.5). 


Ans. 

(-2.1), (-2.1). (4. 

-5) 

, (0. 

3). 

Ans. 

Imaginary. 




Ans. 

(2.1). (-2,-1), (1, 

2), 

(-1, 

-2). 

Ans, 

(3,-4), (-2/3,-1/3) 

, (3,3), 

(0.0) 


EQUATION OF A GIVEN LOCUS. 

27. Determine the equations of the straight lines which are; 

(а) 3 units to the right of the y-axis. Ans. x - 3 = 0 

(б) 5 units below the x-axis. Ans» y + 5 = 0 

(c) Parallel to the y-axis and 7 units from (-2,2). Ans, x-5 = 0, x+9 = 0. 

(d) 8 units to the left of the line x = -2. Ans. x + 10 = 0 

(e) Parallel to the x-axis and midway between the points (2,3) and (2,-7). 

Ans. y + 2 = 0 

if) 4 tiroes as far from the line x = 3 as from the line x = -2. 

Ans. 3x + 11 = 0, X + 1 = 0. 

(g) Through the point (-2,-3) and perpendicular to the line x - 3 = 0. Ans. y + 3 = 0 

(h) Equidistant from the coordinate axes. Ans. y-x = 0, y + x = 0. 

(i) Through the point (3,-1) and parallel to the line y + 3 = 0. Ans. y + 1 = o 

ij) Equidistant from the lines y - 7 = 0 and y + 2 = 0. Ans. 2y - 5 = 0 

28. A point Pix,y) moves in such a way that its distance from (-2,3) is 4. Find the equation 

of its locus. Ans. x^ + y^ + 4x - 6y - 3 0 

29. Derive the equation of the locus of a point P(x,y) which moves in such a way that it is 
always equidistant from the points (-3,1) and (7,5). Ans. 5x + 2y - 16 = 0 

30. A point P(jc,y) moves in such a way that its distance from (3,2) is always one half of its 
distance from (—1,3). Find the equation of its locus. 

Ans. 3x^ + 3y^ - 26x - lOy + 42 = 0 

31. Derive the equation of the locus of a point P(*,y) which moves so that its distance from 
(2.3) is always equal to its distance from the line x + 2 - 0. 

Ans. y^ - 8x - 6y + 9 = 0 

32. Derive the equation of the circle with its center at (3,5) and tangent to the line y-l 
= 0. Ans. x^ + y^ - 6r - lOy + 30 = 0 

33. Derive the equation of the locus of a point the sum of whose distances from (c,0) and 

(-c.O) is always equal to 2a, (2a>2c). Ans. = a** - 


34. Derive the equation of the locus of a point P(*,y) the sum of whose distances from (2,3) 
and (2,-3) is always 8. Ans. I6x^ + 7y^ - 64x - 48 = 0 
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35. Derive the equation of the locus of a point which moves so that the difference of its 

distances from (3,2) and (-5,2) is 6. Ans. + I4x + 36y - 92 = 0 

36. A point moves so that its distance from the line y + 4 = 0 is two-thirds of its distance 
from the point (3,2). Find the equation of its locus. 

-4ns. 4i^ - 5y^ - 24x - 88y - 92 = 0 

37. Derive the equation of the locus of a point whose distance from (-2.2) is always three 

times its distance from the line x -4 = o. Ans, Sx^ ~ - 76x + 4y + 136 = 0 

38. Derive the equation of the locus of a point, the sum of the squares of whose distances 
from the coordinate axes is 9 . Ans» + y^ = 9 

39. Derive the equation of the perpendicular bisector of the segment of the line connecting 

the points (-3,2) and (5,-4). -4ns. 4x - 3y = 7 

40. Derive the equation of the locus of a point which moves in such a way that it is always 
3 units from the origin of coordinates. Ans. x^ + y^ = 9 

41. Derive the equation of the circle with its center at (2,3) and which passes through the 
point (5,-1). Ans. x^ + y^ - 4x - 6y - 12 = 0 

42- Given the points A(0,-2), B(0.4), and C( 0 , 0 ). Find the equation of the locus of the point 
P(x,y), if the product of the slopes of PA and PB equals the slope of PC. 

Ans. y^ - xy - 2y - 8 = 0 



A line segment 12 units in length moves so that its ends are always on the coordinate 
axes. Find the equation of the locus of its midpoint. Ans. x^ + y^ = 36 


44. Given the points A(-2,3) and B(3,l). Find the equation 
slope of PA is the negative reciprocal of the slope of 


Ans. 


y^-x-4y-3*0 


of the locus of P(x,y), if the 
PB. 




CHAPTER 3 


The Straight Line 


A STRAIGHT LINE is represented by an equation of the first degree in two va¬ 
riables. Conversely, the locus of an equation of the first degree in two 
variables is a straight line. 

A straight line is completely determined if its direction is known and 
a point is given through which the line must pass. 

POINT-SLOPE FOm, The equation of the straight line through point 
whose slope is m is 

y - Yi = m(x - Xi). 

SI/)PE-INTERCEPT FORM. The equation of the straight line having slope m and 
y-intercept (O.b) is 

y = mx + b. 


TWO-POINT FORM. The equation of the straight line through points FiCx^.y^) and 

^2(x2»y2) is 

y - Yi ^ Yi " yg , 

X - Xj X^ - Xg * 


INTERCEPT FORM. The equation of the straight line whose x and y intercepts are 
respectively (a,0) and (O.b) is 


X 

a 




GENERAL FORM. Every equation of the first degree in x and y may be reduced to 
the form Ax+By + C = 0, where A, B and C are arbitrary constants. For an 

equation in this form, slope m = — — and y-intercept 6 = — — • 

B B 

NORMAL EQUATION OF A STRAIGHT LINE. A straight line 
is completely determined if the length of the 

perpendicular fromthe origin ( 0 . 0 ) to the line 

is known and if the angle which this perpen¬ 
dicular makes with the x-axis is known. 

Let AB be the given line. Draw ON perpen¬ 
dicular to AB. 

The perpendicular distance p from 0 to AB 
is taken as positive for all positions of AB, 
and w is the angle from 0° to 360° which ON 
makes with the positive end of the x-axis. 

Let the coordinates of point C be (Xj.yi). 

Then Xi =p cos (I), yi=psin(i), andslopeof AB= - --- --- 

tan 0 ) sin (.j 

If (^»y) is any other point on AB, then by the point-slope formula 

y - yi = - cotu (x - x^), or y - p sin w = - £2L“(x - p cosw). 

Sin (i) 
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Simplifying, x cos w + y sin w - p = 0, the normal form of the equa¬ 
tion of a straight line. 

REDUCTION TO NC^MAL FORM. If Ax + By + C = 0 and x cos w + y sin w — p = 0 
are respectively the general and normal forms of the same line, the co¬ 
efficients of the two equations are equal or proportional. 


Hence 


cos (ij _ sin (i) _ —p 


B 


= /c, where k is the constant ratio. 


Then cos w = kA, sin w =/cB, —p~kC, Squaring and adding the first two, 
cos^w+sin^(») = + B^), or 1 = 


/c^(i4^ + B^), and k = 


Substituting for /c, 

cos (i) = 


± /PT^ 


v/^+B^ 


» sin u) = 


B 


±/P7P 


, -p = 


/PT 


B 


Hence the normal form of Ax +By + C = 0 is 


X + 


B 


± /PTP 


±/a%b^ 


y + 


± + B^ 


= 0 


where the sign before the radical is chosen opposite to that of C, If C 
= 0, the sign before the radical is chosen the same as that of B. 


DISTANCE PROM A LINE TO A POINT. To find the perpen¬ 
dicular distance d fromlineL to point 
draw through (x^^yi) and parallel to L. 

The equation of L is x cos w + y sin w - p = 0, 
and the equation of is x cos w + y sinw - 
(p + d) =0, as the lines are parallel. 

Since the coordinates of (x^ ^y^^) satisfy the 
equation for L^, x^ cosw + y^ sinw - (p + d) = 0. 
Solving for d, 

d = Xi cos(i) + Vi sinw - p. 



If and the origin are on opposite sides of the line L, the 
distance d is positive: if they are on the same side of the line t, d is 
negative. 


SOLVED PROBLEMS 


!• Derive the equation of the line through point whose 

slope is m. (See the adjacent figure.) 

Let P(Xfy) be any other point on the line. 

Slope m of the line through (x,y) and (xi,yi) is 

m a Lzh.» or y-yi = mCx-xj). 

X ^x^ ^ * * 

2. Derive the equation of the line whose slope is m and whose 
y-intercept is (0,6). 
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Let P(x,y) be any other point on the line. 

y -6 

The slope m of the line through (a:,y) and (0,b) is m = -Then y = mx + b, 

3 . Write the equation of the line (a) passing through (-4,3) withslope 5 , (6) passing through 
(0 j 5) with slope -2, (c) passing through (2,0) with slope J. 

Let P{x,y) be any other point on each line. Employ y-yi = m(x-xi). 

a. y - 3 = i(a: +4), or 2y - 6 = x + 4, or i -2y + 10 = 0. 

t). y-5 = -2(x-0), or y-5 = 2x, or 2x + y-5 = 0. 

This equation can be found directly by substituting in y = mx + 6. 

Then y = -2x + 5i or 2x+y-5 = 0. 

c. y-O = 5 (x- 2). or 4y = 3x-6, or 3x-4y-6 = 0. 


4. Derive the equation of the line passing through points (xi,yi) and (Xj^yg) 


Let ix,y) be any other point on the line passing through (Xi^y^) and (xg^yj). 

Slope of line through (x,y) and(xi,yi) = slope of line through (x^^y^) and (X 2 ,y 2 ) 


Hence, 


y ~ yi 

X - X, 


yi - ys 


Xi - X2 


5 . Determine the equation of the line passing through points (-2,-3) and (4,2). 

Elnploying ^ ~ ~ > we have - - or 5x-6y-8 = 0. 

X - XI x^ - X 2 X + 2 -2-4 

6. Derive the equation of the line whose intercepts are (a,0) and (0,6). 

Substituting in = I k rl l gives or 6x+ay = ab. 

x-x^ x^-xj x-a a-0 

Dividing 6x+ay - a6 by ab gives — + — * l, (Intercept form.) 

a 6 


7- Write the equation of the line whose intercepts on the x and y axes are respectively 5 
and -3. 

Einploying - + - = 1, the required equation is ^ ^ = 1 0 ^ 3x-5y-15 = 0. 

a b 5 *3 

8. Determine the slope m and the intercept 6 on the y-axis for the line whose equation is 
4x + By + C = 0, where A, B and C are arbitrary constants. 

AC L ^ L ^ 

Solving for y, y = " g ^ “ g ' Comparing this with y = nx+b, ^ ~ 

r 

If B = 0 , then 4x + C- 0 or x = -j. a line parallel to the y-axis. 

n 

r 

If 4 = 0 , then By + C= 0 or y = -- , a line parallel to the x-axis. 
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9. Find the slope m and the intercept b on the y-axis for the line 2y +3x = 7. 


Rearranging to the form y = mx + b, y = - lx 
y-intercept is 7 / 2 . 2 

Or. rearranging to the form Ax + By + C = 0, 

n * • r • its y-intercept 

B 2 B 2 


7 

+ - . Hence its slope is -3/2 and its 

3x + 2y - 7 = 0. Hence its slope m = 
7 ^ 

2 ’ 


10. Show that if lines Ax+By+C = 0 and A'x+B'y+C' = o are parallel, then A/A 
perpendicular, then AA' ^ BB’ = o. 


= B/B'; if 


If parallel, m * 


If perpendicular, m = 


or-- 

B 


B' 


or 


A' 


B' 


-J.. or -d 


B 


m 


B 


* or A4 ' +BB' = O 



Determine the equation of the line passing through point (2.-3) and parallel to the line 
passing through points ( 4 , 1 ) and (- 2 , 2 ). 

Parallel lines have equal*slopes. 

Let (x,y) be any other point on the required line through (2.-3). 


Slope of line through (x,y) and (2,-3) 

Hence, ^ ^ 

x - 2 


slope of 

1 - 2 ^ 

4 + 2 * 


line through (4,1) and (-2,2). 
Simplifying, x + 6 y + 16 = 0. 


12. Find the equation of the line passing through point (-2.3) and perpendicular to the line 
2x - 3y + 6 * 0. 

If two lines are perpendicular, the slope of one of the lines is the negative recip¬ 
rocal of the slope of the other line. 

Slope of 2x-3y + 6 = 0. which is in the form Ax +By+C = 0, is - d = 1 , Hence the 

^ B 3 

slope of the required line is - - • 

2 

Let (x,y) be any other point on the required line through (-2.3) with slope - 2. 

Q 2 

Then, y - 3 s _(x + 2). Simplifying, 3x + 2y = 0. 

A 


13 . Find the equation of the line which is the perpendicular bisector of the segment con 
necting points (7,4) and (- 1 ,- 2 ). 

Midpoint (xo.yo) of the segment is 

*0 = yo - = 1. 

2 2 2 2 

Slope of segment = - ^ . Hence, slope of required line = _ d , 

7+14 3 

Let (x,y) be any other point on the required, line through (3.1) with slope - ^ • 

^ 3 

Then, y - 1 = _ l(a: _ 3 ). Simplifying, 4x + 3y - 15 = 0. 
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14. Write the equation of the line through (2,-3) with inclination 60°. 

Let (x,y) be any other point on the required line whose slope is tan 60° = 
Then, y + 3 = /3(x-2). Simplifying, /3x - y - ^ ~ 2/3 =0. 


15 . Determine the particular value of the parameter k so that: 

a) 3fe;f + 5y + fe-2 = 0 passes through point (- 1 . 4 ); 

b) 4x ~ ky - '] = 0 has the slope 3 ; 

c) kx ^ y = 3k - G has the ^-intercept 5. 


а. Substituting x = _i, y = 4 : 3k(-l) + 5(4) + k - 2 = 0, 2/f = 18. = 9 . 

б . Employing the given form Ax +By +C = 0 . slope =:-l = __l =3 k = - . 

B ~k * 3 

Or, reducing 4 jc -ky -7 = 0 to the form y = ffu + 6 . y = ^ x - - • 

k k 

Then, slope = i = 3, 3fe = 4, k = - • 

k 3 

c. When y = 0 . x = ~ ^ = 5. Then. 3fe - 6 = 5/e. k = - 3 . 

k 


16 . Find the equations of the lines which have the slope -3/4 and form with the coordinate 
axes a triangle of area 24 square units, 

A line with slope - 2 and y-intercept 6 is given by y = - lx + 6 , 

^ 4 

When X =0, y = 6 ; when y =0, x = - 6 . 

3 


Area of triangle = i(product of intercepts) = 1(6* ^6) = 


* 24. 


Then 26 = 3(24), 6 = 36, 6 = ± 6 , and the required equations are 


y = - 7 * ± 6 , or 
4 


3x + 4y - 24 = 0 and 3x + 4y + 24 = 0. 


17 . Determine the locus of each of the following equations: 

а) + Bxy - 9y^ = 0; 

б) x’ - 4x^ - X + 4 = 0. 

а. Since the equation factors into (x - y)(x + 9 y) = 0. its locus is the two straight 
lines X -y = 0 , x 4-9y = 0. 

б . Factoring, (x - l)ix^ - 3x - 4) = (x - 1)(x + 1 )(x - 4) = 0. 

Hence its locus is the three straight lines x-i = 0 , x + l = 0 , x-4 * 0 , 


18. A point (X.y) moves so that it is numerically twice as far from the line x = 5 as from 
the line y = 8. Find the equation of its locus. 

Distance of (x.y) from line x = 5 = ±2[distance of (x.y) from line y = 8], 

or X - 5 = ±2(y - 8). 

Hence the locus of the point is the two straight lines 

JC-2y + H = 0 and x + 2y-21 = 0, or (x - 2y + 11) (x + 2y - 21) = 0. 
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NORMAL EQUATION OP A STRAIGHT LINE. 

19 . Construct each of the following lines AB using the given values of p and and write 
their equations. 

а) p = 5 , (i> = n /6 = 30®. c) p = 4 , W = 4n/3 = 240°. 

б) p = 6, W - 2A/3 = 120°. d) p ^ 5. w = 7n/4 - 315°. 



(a) (i>) (c) (d) 

o. x cos 30° + y sin 30° - 5 = 0, or i/3jc + iy - 5 = 0, or /3x + y - 10 =.0. 

b. a: cos 120° + y sin 120° -6 = 0, or - + i v^y -6 = 0, or ;c - + 12 = 0. 

c. jc cos 240° + y sin 240° -4 = 0, or - ^ v^y -4 = 0, or * + j/3y +8 = 0. 

d. X cos 315° + y sin 315° -5 = 0, or —x-^y - 5 = 0 , or x-y-5v^ = 6. 

/2 /2 


20. Reduce each equation to the normal form and find p and ( 1 ). 

а) /3x + y- 9=0. c)j: + y+ 8 = 0. c)4y_7 = 0 

б) 3x - 4y - 6 = 0. 12x - 5y = 0. /) x + 5 = 0. 


The normal form of Ax +By + C = 0 is 


X + 




±i/4^ + B^ 


y + 


= 0 . 


±/a^ + b^ 


a. A = v^, B = 1, /a^ + B^ = /3 + 1 = 2. Since C (= -9) is negative, v^^ + B^ is given the 
positive sign. The equation in normal form is 


^x + iy - 2 = 0, 
2 2 2 


and cos w = — , sin u> = -i, p = 2 , U) = 30°, 

2 2 2 


Since sin u and cos u) are both positive, o) is a first quadrant angle. 
6. A = 3, B = -4. + B* = /9 + 16 = 5. The equation in normal form is 


3 4 6 ^ 


and 


cos w = I . sin w = - 1 , p = I , Ci> = 306°52' 
5 55 


Since cos U) is positive and sin a) is negative, u is a fourth quadrant angle. 

c. A = 1, B = 1, /a^ = /2. Since C (= +8) is positive, the radical is given the neg 

ative sign. The equation in normal form is 


1 1 






- 4/2 = 0, 


and 


cos ( 1 ) = sin ( 1 ) s - 




p ** 4v^, (I) = 225°. 



28 


THE STRAIGHT LINE 


Since cos u and sin u are both negative, u is a third quadrant angle. 

d. /a^+B^ = /l44 + 25 - 13. Since C = 0, the radical is given the same sign as B ( 
this will make sin w positive and ti) < 180°. The equation in normal form is 


= - 5 ); 


12 5 „ 

- X + —y == 0. 

13 13 


and 


12 5 

cos u> = - _ . sin = p = 0, (») = 157°23' 


Since cos w is negative and sin w is positive, w is a second quadrant angle. 


e. /I = 0, B = 4, ^ 4. 


The equation in normal form is 


4 7^7 7 

Ty - T - 0, or y-= 0, and cos w = 0, sin w = 1, p = - , w 

4 4 4 ^4 


90°. 


/. ’ 4 = 1, B = 0, = 1. 


The equation in normal form is 


1 5 , 

"I* ^ ~T ” -X - 5 = 0, and cos (i) » -1, sin O) = 0, p = 5, w 


180°. 


21. Find the equations of the lines through (4,-2) and at a perpendicular distance (p) of 2 
units from the origin. 

The equation of the system of lines through (4,-2) and with slope m is 
y + 2 = in(x - 4), or mz - y - ( 4 ni + 2) = 0. 

The normal form of mx-y-(4m+2) =0 is = o. 

±/m^+ 1 


mu 4® +2 2 O d 

Then, p = — - 2, or (4m + 2) = 4(m +1). Solving, m = 0, 

±/J7l 3 

The required equations are y + 2 = 0, and y 4-2 = - |(x-4) or 4x + 3y-10 = 0. 


22. Calculate the distance d from (a) line 8z + 15y-24 = 0 to point (-2,-3), 

(6) line 6x-8y+5 = 0 to point (-1,7). 


a. Normal form of the equation is ~?i- = o, or - = o. 




(15) 


8 z 4- 15y - 24 
17 


^ _ 8 (-2)+ 15 (-3)-24 -85 . .. 

“ “ - — - = — = -5. Since d is negative, the point (-2,-3) and the 

origin are on the same side of the line. 

6 . Normal form of the equation is — ~^ qj. 6 x - 8 y + 5 _ 

-/e^ + (- 8 )^ 

^ ^ positive, the point (-1,7) and the or¬ 

igin are on opposite sides of the line. 


23* Determine the equations of the bisectors of the angles between the lines 

(Lx) 3x - 4y + 8 = 0 
and (Lj) 5x + 12y - 15 = 0. 
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Let P'(x\y') be anypoint on bisector 


Then, + 8 

-5 


d = 5x^+ 12y^- 15 
® ** 13 


For every point on d^ and d^ are equal 
numerically. 

P' and the origin are on the same side of 
Lx but on opposite sides of L^, Hence d^ is 
negative and d^ is positive, and = -d^. Then ^ 
the locus of P' is 

3x'- 4y'+ 8 ^ _ bx'+ 12y^-15 ^ 

-5 13 — 

Simplifying and dropping primes, the equa- — 
tion of Lq is 14x - 112y + 179 = 0. 

Similarly, let P"(x",y") be any point on / 
bisector L^» Since P" and the origin are on op¬ 
posite sides of Lx and Lq, d^ and d^ are both 
positive, and d^ = d^. 

Then the locus of P" is 

-5 


p Vy; 1 

d,/ \ 

' '' 


'\d. 

\ 


'pW) 




12y"- 15 
13 


Simplifying and dropping primes, the equation of L^ is 64x + 8y + 29 = 0. 

Note that Lq and L^ are perpendicular lines, their slopes being negative reciprocals 
of each other. 

24* Find the equations of the lines parallel to the line 12x-5y-15 = 0 and at a perpendic¬ 
ular distance from it numerically equal to 4* 

12x' — — 15 

Let P'ix',y’) be any point on the required line. Then, - L - s ± 4 , 

Simplifying and dropping primes, the required equations are 

12x-5y-67 = 0 and 12x-5y + 37 = 0. 


25* Determine the value of k so that the distance from the line 8x + 15y + ^ 
(2.3) is numerically 5 units. 


* 0 to the point 


d = 8(2) 15(3) + k ^ 

±17 


Solving, k ~ -146, 24 


26. Find the point of intersection of the bisectors 
of the interior angles of the triangle whose sides 
are: (Lx) 7x - y + 11 = 0, 

(La) X + y - 15 = 0, 

(La) 7x + 17y + 65 = 0. 

The point of intersection (/»,fe) is the center 
of the circle inscribed in the triangle. 

Then, the distance 

^ , , 7h - ife + ll 

of {h,k) from Lx is <^ 1 . = ---* 

-/50 

of (/i,Jfe) from La is d^ = ^ * •— -— * 

^/2 

of ih,k) from La is d^ ~ 7/i + 17^ + 65 , 




b >C M 



30 


THE STRAIGHT LINE 


The distances are all negative, since the point and the origin are on the same side 
of each line. Then, = d^. 


Since d^ - d^, 

7/1 - A + 11 
-5/2 

+ A - 15 

/2 

Simplifying, 

Since dj_ = d^. 

7/1 - A + 11 

Ih + 17A + 65 

Simplifying, 

- 5/2 

-13i/^ 


Solving 3h+fe=16 and 4/i-7fe = 13 simultaneously, h = 5, k - I, 


3h + k - 16. 


4/i - = 13. 


27 . Given the triangle A(-2,1). B(5,4), CC2,-3), determine the 
length of the altitude through 4 and the area of the tri** 
angle. 

Equation of BC: = 1_I_? . or 7r - 3y - 23 = 0. 

X - 2 5 “ 2 

Distance from BC to 4 = 7(-2) - 3(1) - 23 ^ ^ _ 

/49 + 9 

Length of BC = /(5 -2)^ + (4 + 3)^ = v^. 

Area of the triangle = 5 ( 1 /^ ■ = 20 square units. 



SYSTEMS OP LINES. 

28 . Determine the equation of the system of lines 

(а) whose slope is -4, 

(б) passing through (4,1), 

(c) whose y-intercept is 7, 

(d) whose x-intercept is 5, 

(e) the sum of whose intercepts is 8, 

if) whose y-intercept is twice the x-intercept, 

(g) having one intercept numerically twice the other intercept. 

In each case, let k be the arbitrary constant, or parameter, of the system of lines. 

a. Let k - y-intercept of the system of lines whose slope is -4. 

Promysmx+6, the required equation is y =-4x + or 4x+y-fe=0. 

b. Let k * slope of the system of lines passing through (4,1). 

Substituting in y-y^ = m(x-xi), the required equation is 

y-1 = fe(x-4), or kx -y + 1 ~Ak = 0. 

c. Let k = slope of the system of lines whose y-intercept is 7. 

From y = mx+6, the required equation is y = fct + 7, or Ax-y+ 7 = 0. 

d. Let k = slope of the system of lines whose x-intercept is 5 , 

Prom y-yj. = m(x-xi), the required equation is y-0 = A(x-5), or Ax-y-SA = 0. 

c. Let A * x-intercept of system of lines. Then (8-A) » y-intercept of system. 

X y XV 2 

From - + i = 1 , the required equation is - + —i— * 1 , or (8-A)x + Ay-8A +A = a 
a b A 8-A 

/. Let A = y-intercept. Then ^A = x-intercept. 

X y XV 

Prom - + ^ ss 1, the required equation is — + i = 1 , or 2x+y-A = 0. 

a b ^A A 
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«. Slope of a line = - • When the z-Intercept Is numerically (±) twice the 

y-intercept, slope of line is 7i; when the y-lntercept is numerically twice the i-in- 

svsten^ofnn ' y-intercept. Then, from y = mx+ 6 , the required 

systems of lines are y » and y ^ ±2x ^ 



Determine the equation of the line which passes through point (- 2 .- 4 ) and has the sum of 
Its intercepts equal to 3 . 


The equation of the system of lines through (-2,-4) is y + 4 = m(i + 2). 

When j: = 0, y = 2m-4; when y = 0, x = - ~ ^ - 

n 

The sum of the intercepts is 3. Hence, 2m - 4 + - = 3 . 

m 

Simplifying, 2m^-9m + 4 = 0. Solving, (2m-l)(m-4) =0. m = i» 4 . 

Substituting these m values in y + 4 = m(x +2), the required equations are 
y + 4 = i(x + 2) and y + 4 = 4(x + 2), or x-2y-6 = 0 and 4x-y + 4 = 0. 


30- Find the equation of the line passing through the point of intersection of the lines 
3x-2y + 10 = 0 and 4x+3y-7 = 0 and through point (2,1). 

3x-2y-fel0+/i(4x + 3y-7) = 0 is the equation of the system of lines passing through 
the intersection of the two given lines. 

Since the required line passes through (2,1), 3*2-2-1 + 10 + Jfe(4-2 + 3-1 - 7 ) = 0 

Solving, k * -7/2. The required line is 

3x-2y + 10 - |(4x + 3y-7) = p, or 22x + 25y-69 = 0 . 


the equation of the line perpendicular to 4 j 
of intersection of 2x-5y + 3 = 0 and x-3y-7 = 


+ y-l = 0 and passing through the point 

0 . 


Slope of 4x + y-l = 0 is -4. Then, slope of required line is i. 

The equation of the system of lines passing through the point of intersection of 
2x-5y + 3 = 0 and x-3y-7 = 0 is 

2x-5y + 3+/E(x-3y-7) =0, or (2 +/e)x - (5 + 3/i)y + (3-7/e) =0. (1) 

The slope of every line of this system is 2l± . and slope of required line is i. 

5 + 3« ^ 

Then, = - . Solving, k = - 3 . 

5 + 4 


Substituting k - —3 in (1), the required equation is x—4y —24 - 0. 


SUPPLEMENTARY PROBLEMS 


1. Write the equations of the lines 

(а) Through (0,2), « = 3. 

( б ) Through (0,-3), m = - 2 . 

(c) Through (0,4), « = 1/3. 

(d) Through ( 0 ,- 1 ), « = 0 . 

(«) Through (0,3), « * -4/3. 


satisfying the following conditions: 

y - 3x - 2 = 0 
Ans, y + 2x + 3 = 0 
Ans, X - 3y + 12 = 0 
Arts, y + 1 = 0 
Ans» 4x + 3y - 9 • 0 
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2. Write the equation of the line which passes through: 




(O) 

(2,-3) 

and 

(4,2). 

4ns. 

5x 

- 2y 


16 

= 0 

(b) 

(-4,1) 

and 

(3,-5). 

4ns. 

6 x 

+ 7y 

+ 

17 

= 0 

(c) 

(7,0) 

and I 

(0,4). 

4ns. 

4x 

+ 7y 

- 

28 

= 0 

(d) 

(0,0) 

and 

(5,-3). 

4ns« 

3x 

+ 5y 


0 


(e) 

(5.-3) 

and 

(5,2). 

4ns, 

X - 

- 5 = 

0 



if) 

(-5. 2) 

and 

(3,2). 

4ns. 

y - 

• 2 = 

0 



the triangle 

whose vertices 

are 4(-5,6). 


-1,-4) ! 

and 

C(3,2). 


а. Derive the equations of the three medians. 

4ns. 7jc + 6y-l = 0, i+l = 0» x-6y + 9 = 0 

б . Solve algebraically for their point of intersection. 


4ns. (-1. 4/3) 


а. Derive the equations of the three altitudes of the triangle in Problem 3* 

4ns. 2x+3y-8=0, 2x-y-2=0» 2x-5y+4=0 ^ ^ 

б . Solve for the point of intersection of these altitudes. 4ns. (-» -) 

5. a. Determine the equations of the perpendicular bisectors of the sides of the triangle 
in Problem 3. 4ns. 2x-5y+ll=0, 2x-y+6=0, 2x+3y+l=0 

6 . Solve for the point of intersection of these perpendicular bisectors. 

4ns. (-19/8, 5/4). This is the center of the circle circumscribed about the triangle. 


6 . Prove that the points of intersection of the medians, of the altitudes, and of the per¬ 
pendicular bisectors of the sides for the triangle in Problem 3, lie in a straight line. 
4ns. 2x - 33y + 46 = 0 

7. Find the equation of the line through the point (2,3) so that its x-intercept will be 
twice its y-intercept, 4ns, x + 2y - 8 = 0 

8 . Determine the value of K in the equation 2x + 3y+/^ = 0 so that this line will form a tri¬ 
angle with the coordinate axes whose area is 27 square units, 4ns. K = ± 18 


9. Determine the value of K so that the line whose equation is 2x + 3/(y-13=0 shall pass 
through the point (-2,4). 4ns. K ~ 17/12 

10. Determine the value of K so that the line whose equation is 3 x - Ky - 8 * 0 shall make 
an angle of 45*^ with the line 2x + 5y - 17 = 0. 4ns. K = 1, -9/7 

11. Find the point on the line 3x+y + 4 * 0 that is equidistant from (-5,6) and (3,2). 

4ns. (-2,2) 


12. Find the equations of the lines through (1,-6) if the product of the intercepts for each 

line is 1. 4ns. 9x + y- 3 = 0, 4x + y+ 2*0 

13. Find the equation of the line whose x-intercept is -3/7, and which is perpendicular to 

the line 3x + 4y - 10 = 0. 4ns. 28x - 21y + 12 * 0 

14. Find the equation of the line which is perpendicular to the line 2x + 7y - 3 = 0 at its 

intersection with the line 3x - 2y + 8 = 0. 4ns. 7x - 2y + 16 = 0 

15. Construct each of the following lines using the given values of p and u, and write their 

equations. 


(a) p = 6, 

w = 30°. 

4ns. 

o 

II 

1 

(b) p = /2, 

u = n/4. 

4ns. 

X + y - 2 * 0 

(c) p = 3, 

w = 27 i/3. 

4ns. 

X - v/3y + 6 = 0 
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(d) P = 4, u) = 7n/4. 


Ans. X - y — 4 y/2 * 0 



(e) p = 3, w = 0®. 


Ans. X - 3 = 0 



(/) p = 4, w = 3TI/2. 


Ans, y + 4 = 0 


16. Reduce each of the following straight line equations to the 

normal form* Find p and u 

(a) 

X - 3y + 6 = 0. 

Ans. 

* + ^ y ® - 0 

/To v/io v/Io 

3 10 

p = -j (i) = 108 26 

5 

(fe) 

2x + 3y - 10 = 0 

Ans. 

2 3 10 « 

-X + -y-= 0, 

/l3 yn /l3 

. = 56»19' 

(c) 

3x + 4y - 5 = 0 

Ans. 

3 4 

5 * gy ~ 1 * 0, p * 1, 

w = 53°8' 

(d) 

5x + 12y = 0 

Ans. 

5 12 „ 

w = 67®23' 

(«) 

X + y - /2 = 0 

4ns. 

i + X _ 1 = 0. p = 1. 
/2 /2 

U) = 71/4 


17* Find the equations and the point 'of intersection of the bisectors of the interior angles 

of the triangle formed by the lines 4x-3y-65 =0, 7x-24y + 55=0, and 3x + 4y-5 = 0. 

Ans, 9x - 13y - 90 = 0, 2x + lly - 20 = 0, 7x + y - 70 = 0. Point (10,0). 

18. Find the equations and the point of intersection of the bisectors of the interior angles 

of the triangle formed by the lines 7x + 6y-ll=0, 9x-2y + 7 = 0, and 6x-7y-16 = 0. 
Ans. X + 13y + 5 = 0, 5x - 3y - 3 = 0, 4x + y - 1 = 0. Point <6/17, -7/17). 

19. Find the equations and the point of intersection of the bisectors of the interior angles 

of the triangle formed by the lines y = 0, 3x - 4y = 0, and 4x 3y - 50 = 0. 

Ans. X - 3y = 0, 2x + 4y - 25 = 0, 7x - y - 50 = 0. Point (15/2, 5/2). 

20. Find the point of intersection of the bisectors of the interior angles of the triangle 

whose vertices are (-1,3), (3,6), and (31/5, 0). 4ns. (17/7, 24/7). 

21. Find the coordinates of the center and the radius of the circle inscribed in the tri¬ 
angle formed by the lines 15x - 8y + 25 = 0, 3x - 4y - 10 = 0, and 5x + 12y-30 = 0. 
4ns. (4/7, 1/4). Radius = 13/7. 

22. Find the value of K so that the line y't-5 = K(x-3) is at a distance from the origin 
whose numerical value is 3. 4ns. K ~ -8/15, <3o 


23. A point moves so that its distance from the line Sx-t-1^-20 = 0 is always three times 
its distance from the line 4x-3y+12 - 0. Find the equation of its locus. 

4ns. 181x - 57y + 368 = 0, 131x - 177y + 568 = 0 



A point moves so that the square of its distance from (3,-2) Is numerically equal to its 
distance from the line 5x - 12y -13-0. Find the equation of its locus, 

Ans, 13x^ + 13y* - 73x + 40y + 156 =* 0, 13»? + 13y® - 83x + 64y + 182 = 0 



Find the two points on the line 5x - 12y +15-0 that lie at a distance from the line 


3x 4y - 12 « 0 numerically equal to 3. 


4ns. 






26. Find two lines parallel to 8x - 15y + 34 = 0 that lie at a distance from (-2,3) numer¬ 
ically equal to 3. 4ns. 8x - 15y + 112 0, 8x - 15y + 10 = 0 
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27. A point moves so that its distance from 3 jc - 4y - 2 = 0 is always equal to its distance 
from the point (-1,2). Derive the equation of its locus. 

Ans. I6x^ + 24xy + 9y^ + 62x - U 6 y + 121 = 0 


28. Find the length of the altitude from A to side BC, also find the area, of the triangle 
whose vertices are: 

(a) A(-3.3), B(5,5), C(2,-4). 


( 6 ) A(5.6). 8 ( 1 ,-4). C(-4.0). 


(c) A(-1.4), B(1,-4). C(5,4). 


Ans. 

Altitude = 

11/10 

5 

Area = 33 

square 

units 

Ans. 

Altitude = 

66/41 

Area = 33 

square 

units 
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Ans. 

Altitude = 

12 v^ 

Area = 24 

square 

units 


(d) A(0,4). B(5,1). C(1.-3). 


Ans» Altitude = 4>/2. 


Area = 16 square units 


29. In each of the following equations of a line, find the value of K so that the corres¬ 
ponding condition is satisfied. 

(а) (2+K)x - (3-it)y + 4/( + 14 = 0, passes through the point (2,3). Ans, K = ~1 

( б ) Kx + (3-K)y +7 = 0, the slope of the line being 7. Ans. K = 7/2 

(c) 5x - 12y + 3 + /( * 0, this line being at a distance from (-3,2) whose numerical value 
is 4. Ans. K = -16, K = 88 


30. Find the equation of the line which passes through the point of intersection of the lines 
3x-5y + 9 = 0 and 4x+7y-28 = 0 and which satisfies the following condition: 

(a) Passes through (- 3 ,- 5 ), Ans. 13x - 8 y - 1 * 0 

(fe) Passes through (4,2). Ans. 38* + 87y - 326 = 0 

(c) Is parallel to 2* + 3y-5 = 0. Ans. 82* + 123y - 514 = 0 

(d) Is perpendicular to 4*+5y-20 = 0. Ans. 205* - 164y + 95 = 0 

(e) Whose intercepts are equal. Ans. 41* + 41y - 197 = 0, 120* - 77y = 0 


31. Find the equation of the line through the point of intersection of the lines *-3y + l = 0 
and 2* + 5y--9=0 and whose distance from the origin is (o) 2, (b) /5, 

Ans. (a) x-2 - 0, 3* + 4y-10 = 0; (b) 2* + y-5 = 0. 



CHAPTER 4 


The Circle 


A CIRCLE is represented by an equation of the second degree in two variables. 
The converse is true only for certain forms of equations of the second 
degree. 

A circle is completely determined if its center and radius are known. 

THE EQUATION OP THE CIRCLE with its center at (h,k) and radius r is 

(x-hf + (y-kf = r*. 

If the center is at the origin the equation becomes 

Every equation of the circle can be reduced to the form 

+ Dx + Ey + F = 0. 


If we write this equation in the form 

+ Dx + y^ + £y + F 


= 0 


and complete squares, we have 


x^ + Z)x + 


4 4 


-F 


or 


(- - f)^ ^ (y ^ If 


D^+ F^- 4F 


The center is at the point (- and the radius r = 5 /z)^ + F^- 4F. 

If + F^-4F > 0 , the circle is real. 

If + F^ - 4F < 0» the circle is imaginary. 

If 2)^ + F^ - 4F = 0, the radius is zero and the equation will represent the 

point 


SOLVED PROBLEMS 

!• Write the equation of the circle with its center at point (-2,3) and radius 4. 
(X + 2)^ + (y - 3)^ =16 or x^++ 4x-6y = 3. 


2. For the circle whose equation is + y^ - 3x + 5y - 14 = 0, findthe coordinates of the cen 
ter and the radius by (a) completing the square, (6) the formula. 


a. x®-3x+2 + y^ + 5y= 14+j+^ or 

4 4 4 4 


(* - + If 


90 

4 


Hence the center is at point (2, _ and the radius r = .3/10 ^ 

2 2 2 

6. = = = and r = i y4)^ + E^- 4 F = i 25 + 56 = 


3/10 
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Determine the value of k so that - 8 x + lOy + = 0 is the equation of a circle whose 

radius is 7. 

Since r = 5 /d^+ - 4f» then 7 = 5 /64 + 100 - 4^ . Squaring and solving, k = - 8 . 


4. Derive the equation of the circle whose center is (5,-2) and which passes through point 
(-1.5). 

The radius of the circle is r = /(5 + 1)^ + (-2-5)^ = /36 + 49 = /^. 

Then (x-5)^ + (y + 2)^ = 85. or + y^ - lOx + 4y = 56. 


5 . Fiiid the equation of the circle which has for a diameter the segment joining the points 
(5,-1) and (-3,7). 

The coordinates of the center are h = = i, k = zLLl = 3 , 

2 2 

The radius is r = /(5 -l)^ + (-1-3)^ = /I 6 + 16 = 4/2. 

Then (x-1)^ + (y-3)^ = 32. or x^ + y^ - 2x - 6 y = 22. 


6 . Find the equation of the circle which passes through (0,0), 
r - 13, and the abscissa of its center is -12. 

Since the circle passes through the origin, 

- r^, or 144 + = 169 

Solving, = 169 - 144 = 25, k = ±5^ 

Then, (x + 12)^ + (y - 5)^ = 169 

and (x + 12)^ + (y + 5)^ = 169. 

Expanding, x^ + y^ + 24x - lOy = 0 

and x^ + y2 + 24 x + lOy = 0. 



7 . Determine the equation of the circle passing through the 
three points (5.3), (6.2), and (3,-1). 

Since each of the standard forms 
(X - h)^ + (y - kf = 
or x^ + y^ + Dx + £y + f = 0 

contains three undetermined constants, three conditions 
are necessary to determine these coefficients. Asthe cir¬ 
cle must pass through these points, the coefficients may 
be determined by substituting the coordinates of thepoints 
for X and y and solving the three linear equations for D, 

25 + 9 + 5D + 3£ + f = 0, 

36 + 4 + 60 + 2 E + F = 0, 

9+1 + 3D-F+F = 0. 

Solving these three equations, D - -8, E = -2, and F - 12. 

Substituting for D, E, and F, the equation of the circle is x^ + y^ - 8x-2y + 12 = 0. 



E, and F. Then, 
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Find the equation of the circle which passes through the 
points (2.3) and (-1,1) and has its center on the line 
* - 3y - 11 = 0. 

Let (h,k) be the coordinates of the center of the cir¬ 
cle, Since (h,k) must be equidistant from (2,3) and (-1,1), 

/(h-2)“ + (k-zf = /(/i + 1)^ + (k-lf. 


Squaring and simplifying, 6h + = 11. 

Since the center must lie on the line x 
then h ^ 3k - 11, 


- 3y - 11=^ 0, 


7 5 

Solving these equations for h and k, 


Then r = 


/iT 

^2 


.)•. 1 -1.- 


= i/I^. 



7 2 5 2 130 2 2 

The required equation is “ 2 ^ ^ 2^-4~ or x + y 


- 7x + 5y - 14 = 0 


9 , Find the equation of the circle inscribed in the triangle 
determined by the lines, Lit 2* - 3y + 21 = 0, 

Lg: 3x - 2y - 6=0, 

La'. 2x + 3y + 9 =0. 

Since the center of the circle lies at the point of 
intersection of the bisectors of the interior angles of 
the triangle, it is necessary to find the equations of 
these bisectors. Let (h,k) be the coordinates of the cen¬ 
ter. To determine the bisector (1): (See the figure.) 

2h-3k^ 21 ^ 3h - 2k ^ ^ h_fe.3 = 0. 

-/13 /13 

To obtain bisector (2): 

2h* 3k *9 = 2h- 3k * 21 _ - 12 = 0. 

-/I3 -/13 



Then = 2, h = -1. and r = 


2(-l) + 3(2) + 9 . 13 


y/^3 


/13 


/13. 


Substituting in (x+ (y-^)^ = (x + 1) + (y-2) = 13 or x +y +2x 4y 8 



Derive the equation of the circle circumscribing the tri 

angle determined by the lines, x + y = 8, 

2x + y = 14, 

3x + y = 22. 


Solving these equations in pairs, the vertices of the 

triangle are (6,2), (7,1), and (8,-2). 

Substituting the coordinates of these three points in 

the general equation + Dx+Ey+F ~ 0, the following 

equations are obtained: 6D + 2E + F = —40, 

7D + E + F = -50, 

8D - 2£ + F = -68. 

Solving, D = -6, £ = 4, and F =-12. 

Substituting these values, x* + y^ - 6x+ 4y -12 = 0. 
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11, Derive the equation of the circle with its center at (-4,2) and tangent to the line 
Zx + 4y -‘IB = 0. 

The radius can be determined by finding the distance from (-4»2) to the line. 


r = 


3(-4) + 4(2) - 16 


20 



5 


5 

i 



or 4. 


z z ^ 

The required equation is (x+4) + (y-2) = 16, or + 8x - 4y + 4 = 0. 



Derive the equation of the circle which passes through 
the point (-2.1) and is tangent to the line 3x-2y-6=0 
at the point (4,3). 

Since the circle must pass through the two points 
(-2,1) and (4,3), its center will lie on the perpendic¬ 
ular bisector of the segment connecting these points. 
The center must also lie on the line perpendicular to 
3:t-2y-6 = 0 at the point (4,3). 

The equation of the perpendicular bisector of the 
segment is found to be 3x + y-5 = 0. 

The equation of the line perpendicular to 3x-2y-6 
= 0 at (4,3) is 2jt + 3y-17 = 0, 



Solving simultaneously 2z + 3y-17=0 and 3x + y-5 
= 0. * = - I. y = “ • Then r = + (3 - 



The required equation is (* + |)^ + (y - ^ 


or 7x^+7y^+4x-82y + 55 =0 


13. Derive the equation of the locus of the vertex of the right angle of the right triangle 
whose hypotenuse is the segment joining the points (0,6) and (a,6). 

Let (x,y) be the vertex of the right angle. Then, since the two legs must be perpen¬ 
dicular, the slope of one leg will be the negative reciprocal of the slope of the other 
leg, or 

y-o_ 1 _ x-a 

x-0 y-6 

X - a 

Simplifying, (y-6)^ =-x(x-a) or + y^-ox -26y + 6^ = 0 (a circle). 

14. Find the length of the tangent from the point Pi(*i,yi) 

to the circle (x -h)^ + (y . 

or 1" = (X, - hf + (y, - k)^ - 

and I = /(xj - h)^ + (y^ - k)^ - . 

Hence the length of the tangent drawn from any point 
outside the circle to the circle is the square root of 
the quantity obtained when the coordinates of the point 
are substituted in the equation of the circle. 



X 
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15- Definition, The locus of a point from which the lengths of the tangents to two circles 

are equal is a straight line called their radical axis, * 

Derive the equation of the radical axis for the two circles, 

+ d^x + e^y + =0 

and + d^x + e^y + /g =0. 

Let P'(x',y') be any point on the radical axis. 

Then, ii = + d^x' + e^y’ + and ~ /x’^ + y’^ + d^x’ + e^y’ + / 2 * 

Since lx - i 2 , y/x'^ +y'^ + d^x' + e^y' + /i = /x'^ + + ^ 2 ^' + e^y' + / 2 * 

Squaring, simplifying and dropping primes, (d^ - ^ 2 )^ + (^i “ « 2 )y ^ fx - =0. 

a straight line. 

16 - Write the equation of the system of circles passing through the points of intersection 
of two given circles. 

Let x^ + y^ + d^x + e^y + /i = 0 and x^ + y^ + d^ + e^y + /2 = 0 be two inter¬ 
secting circles. 

Then x^ + y* + d^x + c^y + /i + K{x'^ + y^ + d^x + e^y + f^) = 0 represents such a 
system, since the coordinates of the points of Intersection must reduce the equation of 
each of the circles to zero. 

For every value of K except K = -1, a circle is obtained. When K = - 1 , the equation 
reduces to a straight line which is the common chord of the two circles. 


17« Find the equations of the circles passing through 
the points 4(1,2)t B(3,4) and tangent to the line 
3x + y - 3 = 0. 

To determine the coordinates of the center 
C(h,k), we know that CA = CB and G4 = QV, or 

(h-l)^ + (Jfe-2)* = (/*-3)^ + (fc-4)^ 


and 


(/.-!)%(*- 2 )* = 

/io 


Expanding and simplifying these two equations, 
we have 


and 


h + k - 5 

+ 9*^ - 6/ii^ - 2/1 - 34ife + 41 * 0. 



Solving these simultaneous equations, we find h ~ 4, k - 


„ 3h + k • 3 ^ 12+1-3 

Prom r = -» we get r « - * /lO and r 

/Io 

Using (x - h)^ + (y - k)^ - r^» we have 


1 and h = 3/2, k = 7/2. 
9/2 + 7/2-3 vTO 


vTo 


(X - 4)^ + (y - 1)^ = 10 and 


3,2 ^ . 7,2 _ 10 

( “ 2^ (y - 2^ 4 


Expanding these equations, we get x^+y^-8x-2y+ 7 =0 and x^ + y^ -3x-7y + 12 =0 


18. Derive the equation of the circle of radius 5 and tangent to 3x + 4y-16 - 0 at (4,1). 
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Use (h,k) for the coordinates of the center. 

Then —t . = ±5, or 3/» + 4fe - 16 = ±25. 

5 

Also, (h - 4)^ + (fe - 1)^ = 25, or - Bh - 2k = 

Solving simultaneously, the two solutions are (7,5) and (1,-3). 

The equations of the circles are (a:-7)^+ (>-5)^ = 25 and (z-l)^+ (y + 3)^ = 25. 


19* Derive the equations of the two circles tangent to the 
lines 3jf-4y+l=0 and 4x + 3y-7=0 and passing through 
the point (2,3). 

Use ih,k) for the coordinates of the center. Then 


3/i - 4i? + 1 4h + 3/? - 7 


or 7/i -k -6 = 0. (a) 


Also, since r = 


3h - 4A + 1 


(h-2)^ . (^-3)^ = 

-5 

16/i^ + 106/i - 142/2 + 24W2 + 324 = 0 


(b) 


Solving (a) and (6) simultaneously, the coordinates 
of the two centers are (2,8) and (6/5,12/5). 



Using (2,8) as center, r = 

(x-2)^ + (y-8)^ = 25. 

6 12 

Using (-, as center, r 
5 5 


3/i-4/2 + 1 6-32 + 1 


= 5, and the equation^/Of the circle 


1, and the circle is (x - ^)^ + (y - = 1- 

5 5 \ 


20. Write the equation of the circle tangent to the lines 
X + y + 4 s 0 and 7x - y + 4 = 0 and having its center on the 
line 4x + 3y-2 = 0. 

Use (h,k) for the coordinates of the center. Then 
/i + /2 + 4 _ ^ 7/i - fe + 4 
/2 5/2 

or h-3/2-8 = 0 and 3/i+/e+6 = 0, 

which are the equations of the bisectors of the angles 
between the two lines. Since the center must lie on 
4x + 3y-2 = 0, then 4/1 + 3 / 2-2 = 0. Using this equation 
and A - 3fe - 8 = 0, we find h = 2 , k = -2. 



Then r = —7 t = 2 / 2 . and the equation of this circle is (x 


2)^ + (y + 2)^ = 8. 


Using the equations 4h + 3k-2 = 0 and 3/»+fe + 6 = 0, h * -4, ^ = 6, and r * 3/2. 

2 2 

Then the equation of this circle is (x + 4) + (y-6) = 18. 


21. Determine the locus of the point (x',yO which moves so that the sum of the squares of 
its distances from the lines 5x + 12y-4 - 0 and 12x-5y + 10 = 0 is 5. 
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The distance of (x'.y') from 5x + 12y-4 = 0 is . and from 12x-5y + l0 

is . 12«'-5y'^10 . Then. + ^ 12x'- 5y'. 10^2 ^ 

Simplifying and dropping primes, 169x^ + 169y^ + 200* - 196y = 729, a circle. 


22* Determine the locus of a point (x,y) the sum of the squares of whose distances from (2.3) 
and (-1,-2) is 34. 

(*-2)^ + (y-3)* + (x + 1)^ + (y + 2)^ =34. Simplifying, x^+y^-x-y= 8 , a circle. 


23- Derive the equation of the locus of a point (x,y) the ratio of whose distance from (-1,3) 
to its distance from (3.-2) is a/ 6 . 


/(x + 1 )^ + (y - 3)^ 

/(x - 3f + (y + 2f 

(6^ — + (6^ — a^)y^ + 


a 

— • Squaring and simplifying, the required equation is 
6 

2(6“ + 3 a“)x - 2(36“ + 2 a“)y = I 3 a“ - 106“. a circle. 


24- Derive the equation of the. locus of a point (x,y) the square of whose distance from (-5,2) 
is equal to its distance from 5x + 12y - 26 = 0. 

(x + 5)^ + (y - 2)^ = ±(5f_L-i^!-?5). Expanding and simplifying, 

13x“ + 13y“ + 125x - 64y + 403 = 0 and 13x“ + 13y“ + 135x - 40y + 351 = 0, circles. 


25* Write the equation of a circle concentric with the circle x“ + y“ - 4x + 6 y - 17 = 0, 
and tangent to the line 3x - 4y + 7 = 0. 

The center of the given circle is (2,-3). The radius of the required circle is the 

distance from (2,-3) to the line 3x - 4y + 7 = 0, or r = = 5 . 

5 

2 2 

Hence the required circle is (* - 2) + (y + 3) = 25. 



Write the equations of the circles with radius 15 and tangent to the circle + ^2 _ jqq 
at point ( 6 ,- 8 ). 


The center of these circles must lie 


tion of this line is y 



on the line through (0,0) and ( 6 ,- 8 ). The equa¬ 


lise (h,k) for the center. Then k - 


~ h and 
3 


(h - 6)^ + (fe + 8)^ 


225. 


Solving these equations for h and k, the coordinates of the two centers are (-3,4) 
and (15,-20). 

The equations of the two circles are (x + 3)^ + (y - 4)^ = 225 and 

(x - 15)^ + (y + 20)^ = 225. 
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THE CIRCLE 


SUPPLEMENTARY PROBLEMS 


1. Find the equation of the circle 

(а) whose center is (3,-1) and radius is 5. Ans. - $x + 2y - 15 = 0. 

(б) whose center is (0,5) and radius is 5, Ans» + y^ - lOy = 0. 

(c) whose center is (-4,2) and diameter is 8. Ans, + y^ + - 4y + 4 = 0. 

(d) whose center is (4,-1) and which passes through the point (-1,3). 

Ans* + y^ - 8x + 2y - 24 = 0, 

(e) which has as diameter the segment joining the points (-3,5) and (7,-3). 

Ans. x^ + y^ - 4x - 2y - 36 = 0. 

(/) whose center is (-4,3) and which is tangent to the y-axis. 

Ans. x^ + y^ + 8x - 6y + 9 = 0. 

(g) whose center is (3,-4) and which passes through the origin. 

Ans. x^ + y^ - 6x + 8y = 0. 

(h) whose center is at the origin and which crosses the x-axis at 6. 

Ans. x^ + y^ - 36 = 0. 

(i) which is tangent to both axes, its center being in the first quadrant and r * 8. 

Ans. + y^ - 16x - 16y + 64 = 0. 

(j) which passes through the origin, radius = 10, and abscissa of the center is -6. 

Ans. x^ + y^ + 12x - 16y =0, x^ + y^ + 12x + 16y = 0. 

2. Find the center and the radius of each of the following circles. State whether the cir¬ 
cle is a real circle, a point circle, or an imaginary circle. Use the formula and check 
by completing the square. 


(a) 

x^ . y^ - 

8x + 

lOy - 12 = 0. 

Ans. 

(4,-5), r 

= real. 

(b) 

3x^ + 3y^ 

- 4x 

+ 2y + 6 = 0. 

Ans. 

<1--^ 

r = 

iv'-lS, imaginary 

<3 

(c) 

2,2 

X + y - 

8x - 

7y = 0. 

Ans. 

(4.|), r 

1 

"" 2 

;/ll3, real. 

(d) 

X^ + y2 = 

0. 


Ans. 

(0.0), r ^ 

= 0, 

point. 

(e) 

2x^ + 2y^ 

- X = 

== 0. 

Ans. 

(|.0). r 

4 

1 

‘ 4 

* real. 


3. 


KfUfS l/Ail CC 


Derive the equation of the circle passing through 

Ans. x^ + y^ + 7x - 5y - 44 = 0 


(o) (4,5), (3,-2), and (1,-4). 
(6) (8,-2), (6,2), and (3,-7). 

(c) (1,1), (1,3), and (9,2). 

(d) (-4,-3), (-1,-7), and (0,0) 

(e) (1,2), (3.1), and (-3,-1). 


Ans. X® + y^ - 6x + 4y - 12 = 0 
Ans, 8x^ + 8y^ - 79x - 32y + 95 
Ans. x^ + y^ + X + 7y = 0. 

Ans. x^ + y^ — X + 3y — 10-0. 


0 . 


4. Derive the equation of the circle circumscribing the triangle formed by the lines 


(а) X - y + 2 = 0, 2x + 3y - 1 = 0, 
Ans. 5x^ + 5y^ - 32x - 8y - 34 = 

(б) X + 2y - 5 = 0, 2x + y - 7 = 0, 
Ans. 3x^ + 3y^ - 13x - lly + 20 


and 4x + y - 17 * 0 
0 . 

and X - y + 1*0. 

= 0 . 
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(c) 3x + 2y - 13 = 0, * + 2y - 3 = 0, and x + y - 5 = 0. 

Ans. X* + y* - 17x - 7y + 52 = 0. 

(d) 2x + y - 8 = 0. X - y - 1 = 0, and x - 7y - 19 = 0. 

Ans. 3x* + 3y® — 8x + 8y - 31 = 0. 

(e) 2x - y + 7 = 0, 3x + 5y - 9 = 0, and x - 7y - 13 = 0. 

Ans. 169x^ + 169y^ - 8x + 498y - 3707 = 0. 

5. Derive the equation of the circle inscribed in the triangle formed by the lines 

(а) 4x - 3y - 65 = 0, 7x - 24y + 55 = 0, and 3x + 4y - 5 = 0. 

Ans. x^ + y^ — 20x + 75 = 0. 

(б) 7x + 6y - 11 = 0, 9x - 2y + 7 = 0, and 6x - 7y - 16 = 0. 

Ans. 85x^ + 85y* - 60x + 70y - 96 = 0. 

(c) y = 0, 3x - 4y = 0, and 4x + 3y - 50 = 0- 
Ans. 4x^ + 4y^ - 60x - 20y + 225 = 0. 

id) 15x - 8y + 25 = 0, 3x - 4y - 10 = 0, and 5x + 12y - 30 = 0. 

Ans. 784x^ + 784y* - 896x - 392y - 2399 = 0. 

31 

(e) inscribed in the triangle whose vertices are (-1,3), (3,6) and (—*0). 

Ans. 7x^ + 7y^ - 34x - 48y + 103 = 0. 

6. Derive the equation of the circle with its center at (-2,3) and which is tangent to the 

line 20x - 21y - 42 = 0. x^ + y^ + 4x - 6y - 12 = 0. 

7. Derive the equation of the circle with its center at the origin and which is tangent to 

the line 8x - 15y - 12 = 0. Ans. 289x^ + 289y^ = 144. 

8. Derive the equation of the circle with its center at (-1,-3) and tangent to the line 

through the points (-2,4) and (2,1). Ans. x^ + y^ + 2x + 6y - 15 = 0. 

9. Derive the equation of the circle with its center on the x-axis and which passes through 

the two points (-2,3) and (4,5). Ans. 3x^ + 3y^ — 14x - 67 - 0. 

10. Derive the equation of the circle which passes through the points (1,-4) and (5,2) and 

has its center on the line x - 2y + 9 = 0. Ans. x^ + y^ + 6x - 6y - 47 = 0. 

11. Derive the equation of the circle through the points (-3,2) and (4,1) and tangent to the 

X-axis. Ans. + y^ - 2x - lOy + 1 = 0, x^ + y^ - 42x - 290y + 441 = 0. 

12. Derive the equation of the circle through the points (2,3) and (3,6) and tangent to the 

line 2x + y-2=0. Ans. x^ + y^ - 26x - 2y + 45 = 0, x^ + y^ - 2x - lOy + 21 = 0. 

13. Derive the equation of the circle through the point (11,2) ^d tangent to the line 

2 x + 3 y - 18 = 0 at the point (3,4). Ans. 5x^ + 5y^ - 98x - 142y + 737 = 0. 

14. Derive the equation of the circle tangent to the line 3x-4y-13 = 0 at the point (7.2) 

and with radius 10. Ans. x^ + y^ - 26x + 12y ■+ 105 = 0, x^ + y^ - 2x - 20y + 1 = 0. 

15. Derive the equation of the circle tangent to the two lines x-2y + 4=0 and 2x-y-8 = 0 
and which passes through the point (4,-1). 

Ans. X* + y* - 30x + 6y + 109 = 0, x^ + y^ - 70x + 46y + 309 0. 

16. Derive the equation of the circle tangent to the two lines x-3y+9=0 and 3x + y-3 = 0 

and with its center on the line 7x + 12y - 32 = 0. 

Ans. ** + y* + 8* - lOy + 31 = 0, 961*® + 961y® + 248* - 5270y + 7201 = 0. 
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17. Derive the equation of the circle which is the lo^ 
the right triangle with the hypotenuse joining points 
4/15. + z — 3y “ 10 - 0. 



he vertex of the right angle of 
, 1) and (3, 2). 



Derive the equation of a circle which is tangent 
3x - 4y - 25 = 0 and whose radius is 5. Ans, 


to 

the 

two lines 4x 

+ 3y 

-50 = 0 and 

2 

X 


- 20x + lOy + 

100 = 

= 0, 

x2 


- 36x - 2y + 300 = 

0, 

X^ 

- 

- 24x - 18y + 

200 = 

= 0, 

x2 


- 8x - 6y = 0. 

» 



19. Write the equation of the locus of a point the sum of the squares of whose distances from 
the two perpendicular lines 2x + 3y - 6 = 0 and 3 x - 2 y + 8 = 0 is 10. If a circle, de¬ 
termine the center and the radius. 

Ans. 13x^ + 13y^ + 24z - 68y - 30 = 0. Center (- —» r = /lo. 


20. show that the locus of a point, the sum of the squares of whose distances from two^per- 
pendicular lines a^x + b^y + * 0 and b^x - o^y + * 0 is equal to a constant K » is 

a circle. 


21. Write the equation of the locus of a point, the sum of the squares of whose distances 

from (-2,-5) and (3.4) is equal to 70. If a circle, determine the center and the radius. 

4ns. x^ + y^ - X + y - 8 = 0. Center (i, -^), r = i/34. 

22. Write the equation of the locus of a point the ratio of whose distance from (2,-1) to its 

distance from (-3,4) is 2/2, If a circle, determine its center and radius. 

4ns. x^ + y^ - 12x + lOy - 11 = 0. Center (6,-5), r = 6v^. 


23. Show that the locus of a point the ratio of whose distance from any two points (a,fa) and 
(c,d) is equal to K (a constant) will be a circle. 


24. Write the equation of the locus of a point, the square of whose distance from (-2,-5) is 
three times its distance from the line 8x + 15y - 34 = 0. 

4ns. 17x^ + 17y^ + 44x + 125y + 595 = 0, 17x^ + 17y^ + 92x + 215y + 391 = 0. 

25. Write the equation of a circle which is tangent to the line 3x - 4y + 17 = 0 and is con¬ 

centric with the circle x^ + y^ - 4x + 6y - 11 = 0. 

4ns. + y^ - 4x + 6y - 36 = 0. 

26. Write the equation of a circle which is tangent to the circle x^ + y^ = 25 at (3,4) and 
has a radius 10. 

4ns. + y^ - 18x - 24y + 125 =0, x^ + y^ + 6x + 8y - 75 = 0- 

27. A rod 30 inches long moves with its end points on two perpendicular wires. Determine the 

locus of its midpoint. 4ns. A circle, x^ + y^ = 225. 

J 28. Find the longest and the shortest distance from (10,7) to the circle x^+ y^-4x-2y-20 
' 0. 4ns. 15 and 5. 

29. Find the length of the tangent from point (7,8) to the circle x^+y^“9. 4ns. 2/^. 

30. Find the length of the tangent frompoint (6,4) to the circle x^ y^ + 4x + 6y - 19 = 0. 
4ns. 9. 

31. Determine the value of K for which the length of the tangent frompoint (5,4) to the cir¬ 
cle x^ + y^ + 2Ky = 0 is (a) 1, (fa) 0. 4ns. (a) K = -5, (fa) K = -5.125. 
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32. Find the equations of the three radical axes of the given circles taken in pairs, and 
show that the three axes meet in a point. 

+ y* + 3z - 2y - 4 = 0, x* + - 2x - y - 6 = 0. and x^ + y^ - 1 = 0. 

'4ns, 5x—y + 2 = 0, 3x —2y-3 = 0, 2x+y + 5 = 0. Point of intersection (-1,-3). This 

point is called the radical center of the circles. 

33. Find the equations of the three radical axes of the three given circles taken in pairs. 
Find the radical center. 

+ y^ + X = 0, x^ + y® + 4y + 7 = 0, and 2x^ + 2y^ + 5x + 3y + 9 = 0. 

4ns, jt— 4 y _7 = 0, x + y + 3 = 0, x-y-1 = 0. Center (-1,-2), 

34. Find the equations of the radical axes of the three given circles taken in pairs. Also 
find the radical center, 

X* + y^ + 12x + 11 = 0. X® + y^ - 4x - 21 = 0, and x^ + y^ - 4x + 16y + 43 = 0. 

4ns. x+2 = 0, x-y-2 = 0. y+4 = 0. Center (-2,-4). 

SS. Find the equation of the circle containing the point (-2,2) 
the points of intersection of the two circles 

x^ + y^ + 3x - 2y - 4 = 0 and x^ + y^ - 2x 
4ns. 5x® + 5y^ - 7y - 26 = 0. 

36. Find the equation of the circle containing the point (3,1) and which passes through 
the points of Intersection of the two circles 

x^ + y^ - X - y - 2 = 0 and x^ + y^ + 4x - 4y - 8 = 0. 

4ns. 3x^ + 3y^ - 13x + 3y + 6 = 0. 

37. Find the equation of the circle passing through the points of intersection of the cir¬ 
cles x^ + y^ - 6x + 2y + 4 = 0 and x* + y^ + 2x - 4y - 6 = 0, and with its center on 
the line y * x, 

4ns. 7x^ + 7y^ - lOx - lOy - 12 = 0. 


and which passes through 

- V - 6 = 0. 

w 


CHAPTER 5 


Conic Sections —The Parabola 


DEFINITION. The path of a point wliich moves so that its distance from a fixed 
point is in constant ratio to its distance from a fixed line is called a 
conic section* or a conic. 

The fixed point is the focus of the conic* the fixed line the directrix, 
and the constant ratio the eccentricity, usually represented by e. 

The conic sections fall into tliree classes, which vary in form and in 
certain properties. These classes are distinguished by the value of the 
eccentricity e. 

If e < 1, the conic is an ellipse. 

If e = 1, the conic is a parabola. 

If e > 1, the conic is a hyperbola. 

THE PARABOLA. Let L'I be the fixed line and f the fixed point. Through F draw 

the X-axis perpendicular to the fixed line. 

Let the distance from f to UL be 2^. Then 
from the definition of the parabola the curve 
must cross the x-axis at a point 0, midway 
between F and L'L. ThroughO draw the y-axis. 

The coordinates of f are (^,0), and the 
equation of the directrix is x =-a or x+a=0. 

PF 

Choose any point P(x,y) so that -^=^ = 1. 


Then /{x -a)^ + (y -0)^ = x + a. 

Squaring, x^ - 2ax + a^ + y^ = x^ + 2ax + a^, 

or y^ = 4ax. 

From the form of the equation it is seen 
that the curve is symmetrical with respect 
to the X-axis. The point in which the curve 
called its vertex. The chord C'C through the focus and perpendicular to 

the axis is called the latus rectum. The length of the latus rectum is ^a, 

the coefficient of the first degree term. 

If the focus were to the left of the directrix the equation would have 
the form 

= - 4ax. 

If the focus were on the y-axis, tlie form of the equation would be 

x^ = ± 4ay 

the sign depending on the position of the focus above or below the direc¬ 
trix. 

Consider now a parabola with its vertex at (b,k), axis parallel to the 
X-axis, and focus at a distance a to the right of the vertex. The direc- 



cuts its axis of symmetry is 
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trix, parallel to the y-axis and at a distance 2a to the left of the fo¬ 
cus, has the equation x = h-a or x-h+a = o. 

Let P(x,y) be any point on the parabola. 

Then, since PF = FM, 



-b 


^ (y 

-kf = 

X - /) + 

or y' 

2 _ 

2ky + 

k^ 

= 4ax 

- 4a/i, 

or 

(y 

- kf 


4a(x - 

h). 

Other 

standard 

forms are: 



(y 

- kf 


-4a(x - 

/>); 


(X 

- hf 


4a(y - 

*); 


(X 

- hf 


‘4a(y - 

k). 



When expanded, the equations take the form 


X 

y 


ay^ + by + c, 
ax ^ + bx + c. 



SOLVED PROBLEMS 


1, Locate the focus, find the equation of the directrix, and determine the length of the 

latus rectum for the parabola 3y^ = 8x, or = 2*. 

3 

8 2 2 
Here 4a = - . or a = g' The focus is therefore at (|. 0), and the equation of the 

2 

directrix is x = - • 

3 

To determine the length of the latus rectum, findy when x = ~ • When x = - * y = ~ and 

4 8 3 3 3 

the length of the latus rectum = 2(-) = -• 

3 3 




Find the equation of the parabola with its focus at (0,- -) and directrix y - 2 = 0, Find 
the length of the latus rectum. ^ ^ 


Let P(x,y) be any point on the parabola. Then, /(x - 


0 )^ + 


(y-|)^ = r-|. 



Latus rectum = 4a = 


16 



Problem 2. 

3. Derive the equation of the parabola with its vertex at (3,2) and its focus at (5,2). 

Since the vertex is at (3,2) and the focus at (5,2), then a = 2 and the equation has 
the form (y - = 4a(x - h) or (y - 2)^ = 8(x - 3), 

Simplifying, - 4y - 8x + 28 * 0. 
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^Find the equation of the parabola with its vertex at the origin, axis on the y-axis, and 
which passes through the point (6,-3). 

The standard form of the equation to use is = -4ay. 

Since the point (6,-3) must lie on the curve, the value of a must be such that the 
coordinates of the point will satisfy the equation. 

Substituting, 36 = -4a(-3). or a = 3 . The required equation is = -12y. 

5 . Write the equation of the parabola with its focus at the point (6,-2) and whose directrix 
is the line x -2 = 0. 

From the definition, /(x - 6)^ + (y + 2)^ = x - 2. 

Squaring, - 12x + 36 + y^ + 4y + 4 = x^-4x + 4. Simplifying, y +4y-8x + 36 = 0. 

6. Write the equation of the parabola with its vertex at the point (2,3), with its axis par¬ 
allel to the y-axis, and which passes through the point (4,5). 

The standard form to use in this problem is (x - h) = 4a(y - k), 

or (x - 2)^ = 4a(y - 3). 

Since point (4,5) is on the curve, (4 - 2)^ = 4a(5 - 3) and 0 = 3 * 

The required equation is (x - 2)^ = 2{y - 3) or x^ - 4x - 2y + 10 = 0. 

7. Derive the equation of the parabola with Its axis parallel to the x-axis, andwhich passes 
through the points (-2,1), (1,2),and (-1,3). 

Use the standard form + Dx + Ey + F - 0* 

Substituting for x and y the coordinates of the points, 1 — 2D + £+ f = 0, 

4 + Z) + 2E+ F = 0, 

9 - D + 3£+ F = 0. 

2 21 

Solving these three simultaneous equations, D = -» F = — F - 

D o 

Hence the required equation is y^ + - ^y +4 = 0, or 5y^ + 2x - 21y + 20 = 0. 

5 5 

8. How high is a parabolic arch of span 24 ft and height 18 ft 
at a distance 8 ft from the center of the span? 

Choose the x-axis along the base of the span with the 
origin at the center. Then the equation of the parabola will 
be of the form 

(X - h)^ = 4a(y - k) 

or (X - 0)^ = 4a(y - 18). 

The curve passes through the point (12,0). By substitu¬ 
ting these coordinates in the equation we find a = -2. Then 

(X - 0)^ = -8(y - 18). 

To find the height of the arch 8 ft from the center, let x = 8 and solve for y. Then 
8^ = _8(y - 18), or y = 10 feet. The strongest simple arch is parabolic in shape, 

9 . Given the parabola whose equation is y^+8y—6x + 4 = 0, determine the coordinates of the 
vertex, the coordinates of the focus, and the equation of the directrix. 
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Completing the square, y* + 8y + 16 = 6x-4 + 16 = 6x + 12, or (y + 4)^ = 6(x + 2). 

The vertex is at (-2,-4). Since 4a = 6, then a - 3/2. Hence the focus is at point 

(-i. -4), and the equation of the directrix is x = - 7/2. 

10* Derive the equation of the parabola with latus rectum joining points (3,5) and (3,-3). 

Use (y - fe)® = ± 4a(x - h). 

Since the length of the latus rectum is 8, 4a = a and (y - k)^ = ± 8(x - h). 

To determine (h,k), (5 - k)^ = ±8(3 - h) and (-3 - kf = ±8(3 - /»), since the 
points (3,5) and (3,-3) lie on the curve. Solving this pair of equations, we find (h,k) 
to be ( 1 , 1 ) and (5,1). 

The required equations are: (l) (y - i)^ = 8(x - 1) or y^ - 2y - 8x + 9 = 0 

(2) (y - 1)^ = -8(x-5) or y^ - 2y + 8x - 39 = 0. 





Derive the equation of the parabola with its vertex on the line 7x + 3y-4 = 0 and con¬ 
taining the points (3,-5) and (3/2, 1), the axis being horizontal, 

2 

Use (y - fe) * 4a(x - h). Substituting the coordinates of the points, we obtain 

(-5 - k) = 4a(3 - h) and (l - k) « 4a(3/2 - h). 


Since (h,k) lies on 7x + 3y —4 = 0, then 7/i + 3/i—4 = 0. Solve simultaneously these 
three equations to obtain /i = 1 , fe=-l, 4a =8; and /i = 359/119, =-97/17, 4a = -504/17. 


Hence the required equations are (y + l)^ 



and 




359 

119 ^ 


12. The path of a projectile thrown horizontally from a pointy feet above the ground with a 
velocity v ft/sec is a parabola whose equation is 



where x is the distance measured horizontally from the point of projection and g = 32 
ft/sec^ approximately, the origin being at the starting point. 


A stone was thrown horizontally from a point 10 feet above the ground. If the hori¬ 
zontal velocity of the stone was 160 ft/sec, how far will the stone travel horizontally 
before it hits the ground? 



2(160) 


(*- 10 ). 


and X * 40/lO « 126.5 ft. 


32 
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SUPPLEMENTARY PROBLEMS 


1. Find the coordinates of the focus, the length of the latus rectum, and the equation of 
the directrix of each of the following parabolas and plot the graph: 

(а) = 6i. (3/2, 0), 6, x + 3/2 = 0. 

(б) ~ 8y. (0,2), 8. y + 2 = 0. 

(c) 3y2 = -4x. Ans, (-1/3. 0), 4/3, x - 1/3 = 0. 

2. De^e the equation of each of the following parabolas: ^ 

at (3,0) and the directrix is x + 3 = 0. '4ns. y - 12x = 0. 

>6^Focus at (0,6) and the directrix is the x-axis. Mns. x^-12y + 36 = 0. 

^Vertex at the origin, axis along x-axis, and passes through (-3,6). 4ns. y =-12x. 

3» Derive the equation of the locus of a point which moves so that its distance from (—2»3) 
equals its distance from the line i + 6 = 0. 4ns. - 6y - 8x - 23 = 0. 

4. Derive the equation of the parabola with its focus at (-2,-1), and whose latus rectum 
joins the points (-2,2) and (-2,-4). 

4ns. y^ + 2y - 6x - 20 = 0. y^ + 2y + 6x + 4 = 0. 

5. Derive the equation of the parabola with its vertex at (-2,3) and its focus at (1,3). 
4ns. y^ - 6y - 12x - 15 = 0. 

6. Reduce the equation of each of the following parabolas to the standard form, and find 
the coordinates of (a) the vertex, (6) the focus, (c) the length of the latus rectum, 
and {d) the equation of the directrix, 

(1) -4y -i- 6x - 6 ^ 0. 4ns. (a) (2,2), (6) (1/2, 2), (c) 6, (d) x-7/2 = 0. 

(2) 3x^ - 9x - 5y - 2 = 0. 4ns. (a) (3/2, -7/4), (6) (3/2, -4/3), (c) 5/3 . 

(3) y2 - 4y - 6x + 13 = 0. 4ns. (a) (3/2 ,2). (b) (3,2). (c) 6, (d) x = 0. 

7. Find the equation of a parabola with its axis parallel to the x-axis, and whic^ passes 
through the points (3,3), (6.5) and (6,-3). 4ns. y^ - 2 y - 4x + 9 = 0. 

8. Find the equation of a parabola with its axis vertical, and which passes through points 

(4.5). (-2,11) and (-4,21). 4ns. - 4x - 2y + 10 = 0. 

9. Find the equation of a parabola with its vertex on the line 2y-3x=0, its axis parallel 
to the X-axis, and which passes through the two points (3,5) and (6,-1). 

4ns. y^ - 6y - 4x + 17 = 0. lly^ - 98y - 108x + 539 = 0. 

10. When the load is uniformly distributed, the cable of a suspension bridge hangs in the 
shape of an arc of a parabola. The supporting towers are 60 feet high and 500 feet apart, 
and the lowest point on the cable is 10 feet above the roadway. Using the floor of the 
bridge as the x-axis and the axis of symmetry of the parabola* as the y-axis, find the 
equation of the parabola which the cable assumes. Find the length of a supporting rod 
80 feet from the center of the bridge. 4ns, x^ - 1250y + 12500 = O; 15.12 ft, 

11. A baseball is thrown horizontally from the top of the Washington Monument, 555 ft high, 

with an inital velocity of 40 ft/sec. How far from the foot of the monument will it 
strike the ground, supposed to be level? 4ns, 235.58 feet. 

12. A plane 4000 feet high and flying south at 120 miles per hour releases a bomb. How far 

south will the bomb be when it hits the ground? 4ns. 2783 feet. 


13. A parabolic arch has a height of 25 feet and a span of 40 feet, 
feet each side of the center? 


How high is the arch 8 
4ns. 21 feet. 



CHAPTER 6 


The Ellipse 


DEFINITION. The path of a point which moves so that the sum of its distances 
from two fixed points is constant is an ellipse. The two fixed points are 
the foci of the ellipse. 



Let the two fixed points be f(c.O) and F'(-c.O), and let the constant 
sum be 2a, (a>c). Let P{x,y) be any point on the locus. Then from the 
definition 

F'P + PF "= 2a, 


or. 


/(X +c)2 + (y -0)2 + /(x-c)2 + (y-0)^ = 2a, 


or 


/(x + c)2 + (y -0)* = 2a - + (y-0)^ . 


Squaring and collecting terms, cx - = ^a/{x-c)^ +(y_o)2. 


Squaring and simplifying, (a^-c^)x^ + = a‘^{a^-^c^). 


Dividing through by a^(a^-c^), the equation becomes 




Since a>c, a*w will be positive. Write a^-c^ 
the standard form for the equation of the ellipse, 


. We tlien have 



or b^x® + a^y^ = a^b^. 

Since this equation contains only even powers of xandy the curvets sym¬ 
metric with respect to the x- and y-axis, and with the origin. The point 
0 is the center of the ellipse, the long axis being called the major axis 
and the shorter axis the minor axis. 

If the foci had been at (0,c) and (0,-c), the major axis would have 

2 2 

been on the y-axis and the standard form would then be + iL = i. 

b^ a^ 
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rrv ^ • A. c V a b 

Trie eccentricity e = - = - , or c = ae. 

a a 

Since the ellipse has two foci, it will have two directrices. The equa¬ 
tions of the directrices D'D’ and DD are respectively 


3 3 

X + - = 0 and x - = 0. 

e e 


Had the foci been on the y-axis, the equations of the directrices would 
have been 


y + - = 0 and y - - = 0. 

e e 


A chord through a focus of an ellipse and perpendicular to the major 


axis is called a latus rectum of the ellipse. Its length is 


2b 


The points in which the ellipse intersects its major axis are called 

vertices. 


If the center of the ellipse is at a point {b,k) and the major axis is 
parallel to the x-axis, it can be shown that the standard form of the 
ellipse will be 

= 1 . 


= 1 if the major axis is par¬ 
allel to the y-axis. In either case, the general form of the equation of 
the ellipse is 

Ax^ + By^ + Px + £y + f = 0 
if A and B agree in sign. 


.2 2 


SOLVED PROBLEMS 



For the ellipse + 16y^ = 576, find the 
semi-major axis, the semi-minor axis, the 
eccentricity, the coordinates of the foci, 
the equations of the directrices, and the 
length of the latus rectum. 

2 2 

Dividing by 576, we have — + 2L = i. 

64 36 

Hence, a = 8 and b = 6. 

/o^-b^ /? /2 72 „ 

e = - = “r* c=/o-b = 2/7. 

a 4 


Coordinates of foci: (2/7,0) and (-2/7,0). 
The equations of the directrices are 


X 



or 


X 



32/7 

7 



The length of the latus rectum of the ellipse is 2 b^/a = 72/8 * 9. 
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2* Derive the equation of the ellipse having its center at the origin, one focus at (0,3), 
and length of semi-major axis 5. 

Given: c = 3 and a = 5. Therefore 6 = - c ^ = /25 -9 = 4. 

-2 2 2 2 

Using the standard form — + i- = i, the required equation is L. + = i. 

6* c? 16 25 

3- Find the equation of the ellipse having its center at the origin, major axis on the x-axis, 
and passing through the point (4,3) and (6,2). 

The standard form is “ ^ ”2 ” Substituting for x and y the coordinates of the 

points, we have — + — = 1 and — + — = 1 , Solving simultaneously, = 52, 13. 

a2 6^ 

2 2 

Hence the required equation is + ^ = 1 or x^ + 4 v^ = 52. 

52 13 

4. A point moves so that its distance from the point (4,0) is always one half its distance 

from the line x—16 = 0. Find the equation of its locus. 

From the statement of the problem 

+ (y-O)* = i(x-16). or - 8x + 16 + ~ ■ ~ ^ • 

^ 4 

Simplifying, the required equation is 3x* + 4y^ - 192, an ellipse. 


5* A line segment AB, 12 units long, containing an internal point P(x,y) 8 units from A, is 
moved so that A is always on the y-axis and B onthex-axis. Find the equation of the locus 
of the point P. 


By similar triangles. 

Then, 64 - x^ = 4y^ 
the origin and major axis 


^ = -L or *^*S4 - x^ ^ y 

AP PB 8 4 ' 

or x^ + 4y^ = 64. The locus is 
on the X-axis. 


an ellipse with its center at 




Problem $• 


6 . A point P(x,y) moves so that the sum of its distances from the points (4,2) and (-2,2) is 
8 . Derive the equation of its locus. 


F'P + PF = 8, or /(x + 2)^ + (y-2)^ + /(x-4)* + (y-2)^ = 8. 


/(X + 2)^ + (y-2)^ = 8 


- /(x -4)® + 


(y-2) 


Rearranging, 
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Squaring and collecting terms, 3x - 19 




2 2 
4) + (y-2) . 


Squaring and collecting terms, the required equation is Ix^ +16y^- 14;r-64y-41 =0, 


an ellipse. 


7* Given the ellipse whose equation is 4x^ + 9y^ -48x +72y+144 = 0, 
axes, vertices, and foci. 


find its center, semi- 


This equation can be put in standard form 
square. 


jx -hf ^ (y~kf 


a 



by completing the 


4(x^-12x+36) + 9(y^ + 8 y + 16) = 144, 
4(x - 6 )^ + 9(y + if = 144, 

(x - e/ (y + 4)^ , 


Hence the center of the ellipse is point (6,-4); <2 = 6 , b * 4; thevertices are (0,-4), 
(12,-4): and the foci are (6 + 2v^, -4), (6-2^^, -4). 




8 . An arch in the form of a semi-ellipse has a span of 150 feet and its greatest height is 
45 feet. There are two vertical supports equidistant from each other and the ends of the 
arch. Find their height. 


Let the x-axis lie along the base of the arch, with the origin at the middle of the 

2 2 

y ^ 

base. The standard form of the equation will then be — + £— * 1 , and a *75, 6 *45« 

a2 62 

To find the height of the right support, set x * 25 in the equation and solved fory. 

2 


Then ^ 


= 1, y^ = 8(225), and y = 30/2 feet. 


5625 


2025 


9 . The earth’s orbit is an ellipse with the sun at one of the foci. If the semi-major axis 
of the ellipse is 93,000,000 miles and the eccentricity is 1/62 nearly, find the greatest 
and least distances of the earth from the sun. 

c 1 c 

Eccentricity e * - • Therefore, — = - or c = 1,500,000. 

a 62 93,000,000 

The longest distance is a + c = 94,500,000 miles. 

•The shortest distance is a - c = 91,500,000 miles. 
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10. Find the equation of the ellipse with its center at (1,2), focus at ( 6 , 2) and containing 
the point ( 4 , 6 ). 


Use the equation 


- 1 )^ + (y - 2>^ 

-2 l2 


= 1 . 


2 2 

Since (4,6) lies on the curve, ~ =1 or — + i® = i 

a2 62 a2 62 


Sincq c = 5, then 62 = a2 _ c2 = - 25 and ® 


a2 a2-25 


= 1 . 


Z 2 

Solving, a2 = 45 and - 20. Substituting, = 1 . 


45 


20 


11. Find the equation of the ellipse with its center at (-i,-i), vertex (5,-1), and e = 


Since the center is at (- 1 ,- 1 ) and the vertex at (5,-1), then a = 6 , e = 
and c = 4. Also, 62 = -c^ = 36-16 = 20. 

2 2 

The required equation is 1 ^ s 1 , 


36 


20 


c c 

a ■ 6 


2 

3 


12. Find the equation of the ellipse with its focus (4,-3), 
directrix x = -1, and eccentricity 2/3. 


PM 


Prom the general definition of a conic section, if 
= e, e < 1 , the curve is an ellipse. 


_ v{x — 4)^ + (y + 3) 2 

Therefore, —i ^ - = - • 

* + 1 3 

Squaring both sides of this equation and simplifying, 
we have ^^2 ^ ^ ^ _ 221 . 

Completing the square, 5(x^ - 16x + 64) + 9(y2 + 6 y + 9) = -221 + 320 + 81. 

or 5(x - 8 )^ + 9(y + 3)^ = 180, 



or 


{X - 8)^ ^ (y ^ 3)^ 

36 20 


= 1 . 


13 . Determine the locus of a point P(x,y) so that the product of the slopes of the lines 
joining P(*,y) to (3,-2) and (-2,1) is -6. 

(Z—L^) = -6, or 6^2 + y2 + y - 6a: = 38, an ellipse. 

X - 3 X + 2 


14. Determine the equation of the ellipse with foci (0, ±4) and which passes through (—. 3). 

5 

19 x^ y2 144 9 

Substitute X = ^ , y » 3 in — + i- = 1 to get -- + _-=!. 

5 62 o2 2562 a2 

Since the foci are at (0,±4), then c = 4 and a2—6^ = 42 = 

2 2 

Solving simultaneously these two equations, a2= 25, 62= 9 . Hence, — + 2L = 1 . 

9 25 # 


col to 
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Determine the locus of the points which divide the ordinates of points on the 
= 25 in the ratio ~ • 

3 


Let r = fy 


or y = ^y '» X - x’. 

o 


Then 




circle 


Dropping primes and simplifying, the equation is 


9x^ + 25y^ 


225, an ellipse. 




16. Find the equation of the ellipse which passes through (-6,4), (-8,1), (2,-4) and (8,-3) 
and which has axes parallel to the coordinate axes. 

In Cx ^Dy ^E = 0, substitute for x and y the coordinates of the four points, 

16B - eC + 4D + £ = - 36, 

B - 8C + D + £ = - 64, 

16B + 2C - 4D + £ = - 4, 

9B + 8C - 30 + £ = - 64. 

Solving these equations, B = 4, C = -4, 0 = -8, and £ = -92. 

2 2 

The required equation is + 4y^ - 4x-8y-92 = 0 or ——^ ^ = 1. 

^ ^ 100 25 


17« Find the equation of the locus of the center of a 
circle which is tangent to the circles + y^ = 1 
and + y^ - 4x - 21 = 0. 

Use (Xo^y^) for coordinates of the center. The 
given circles have radii i and 5 respectively. 

(a) 5 -/(*o -2)^ + (yo-0)* = /xl + yl - 1 . 

Squaring, simplifying, and dropping subscripts, 
the equation becomes 8x^+ 9y^- I6x - 64 ** 0, an 
ellipse. Writing this equation in the form 

{X - 1 )^ ^ (y - 0)^ ^ ^ 

9 8 

it is seen that the center of the ellipse is (1,0). 



(fa) + y| + 1 = 5- -2)^ + yo • Squaring, simplifying, and dropping subscripts, 

2 2 

2 2 (x — 1) (y 0) 

the equation becomes 3x + 4y - 6x - 9 = 0 or + ■ - - 1* 

4 3 

The center of this ellipse is (1,0). 
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18* Lines drawn from the foci to any point on an ellipse are called the focal radii of the 
ellipse. Find the equations of the focal radii drawn to the point (2,3) on the ellipse 

3x* + 4y* = 48. 

^ 2 2 

Write this equation as — + — = 1. Then c - ± /16 - 12 = i 2. 

16 12 

The foci are at (±2,0). The equation of the focal radius from (2,0) to (2,3) is 
x-2 = 0, and from (-2,0) to (2,3) it is y -0 = + 2) or 3x -4y + 6 = 0. 


SUPPLEMENTARY PROBLEMS 


1. For each of the following ellipses find (a) the length of the semi-major axis, (b) the 
length of the semi-minor axis, (c) the coordinates of the foci, (d) the eccentricity. 



Ans. (a) 13, (b) 12, (c) (±5,0), (d) 


13 


Ans, (a) 2v^, (b) 2v^, (c) (0,±2), (d) 


/3 


Ans. (a) 17, (b) 15, (c) (±8,0), (d) 


8 

17 


2. Each of the following ellipses is in a standard position and has its center at the origin 
Find its equation if it satisfies the additional conditions given. 



) Foci (±4.0). vertices (±5.0). 


(2) Foci (0, ±8), vertices (0, ±17). 


(3) Length of latus rectum = 5. vertices (±10.0) 


(4) Foci (0, ±6). semi-minor axis = 8 


(5) Foci (±5,0), eccentricity = -• 


Ans. 

+ 21 = 1 

25 9 

Ans. 

2 2 
^ + -L- = 1 

225 289 

Ans. 

ill + y! = 1 

100 25 

Ans. 

2 2 
^ + 2L = 1 

64 100 

Ans. 

2 2 
* y - 1 

64 M ’ 


3. Write the equation of the ellipse with its center at the origin, its foci on the x-axls, 

and which passes through the points (—3. 2i/3) (4. 4v'^/3). 4x^ + 9y = 144. 

4. Write the equation of the ellipse with its center at the origin, semi-major axis on the 

y-axis and 4 units long, and length of latus rectum = 9/2. Ans. 16x^ + 9y^ = 144. 

5. A point P(x,y) moves so that the sura of its distances from the two points (3,1) and (-5,1) 
is 10. Derive the equation of j.ts locus. What curve is it? 

Ans. 9x^ + 25y* + 18x - 50y - 191 = 0. an eUipse. 

6. A point P(x,y) moves so that the sum of its distances from (2,-3) and (2,7) is 12. De¬ 
rive the equation of its locus. Ans. 36x^ + lly^ - 144x - 44y - 208 = 0. 

7. A point moves so that its distance from the point (3,2) is one half of its distance from 

the line x + 2 » 0. Derive the equation of its locus. What curve is this? 

Ans. 3x2 + 4 y 2 « 28x - 16y + 48 = 0, an ellipse. 
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8. Given the ellipse whose equation is 9x^ + 16y^ - 36x + 96y + 36 = 0. Find (a) the coor¬ 
dinates of its center, (6) the semi-major axis, (c) the semi-minor axis, (c/) the foci, 
and (c) the length of a latus rectum. 

Ans, (ay (2,-3), (6) 4. (c) 3, (d) (2±i/7,-3), (e) 4.5. 

9. Find the equation of the ellipse with its center at (4.-1), focus at (1,-1), and passing 

2 2 

through (8,0). Ans. ^ = 1. or + 2y^ - 8x + 4y = 0. 


10. Find the equation of the ellipse with its center at (3,1), vertex (3,-2), and e = 1/3. 
Ans . 




8 


= 1, or 9z^ + 8y^ - 54z - 16y + 17 = 0 


11. Find the equation of the ellipse with a focus at (-i,-i), directrix z=0, and e 
Arvs. + 2y^ + 4z + 4y + 4 - 0. 


/2 

2 


12. A point P(x,y) moves so that the product of the slopes of the two lines joining P to the 
two points (-2,1) and (6,5) is -4. Show that the locus is an ellipse and locate its cen¬ 
ter, Ans. 4z^ + y^ - 16z - 6y - 43 = 0. Center (2,3). 

13. A line segment AB, 18 units long, is moved so that A is always on the y-axis and B on the 
z-axis. Find the equation of the locus of a point P(x,y), where P is on the line and 6 
units from B. Ans. z^ + 4y^ = 144, an ellipse, 

14. An arch is in the form of a semi-ellipse, with the major axis as the span. If the span 
is 80 feet and the height is 30 feet, find the height of the arch at a point 15 feet from 
the minor axis, Ans. 15>/55/4 feet. 


15. The earth's orbit is an ellipse with the sun at one of the foci. If the semi-major axis 
of the ellipse is 92.9 million miles and the eccentricity is 0.017, find, to three sig¬ 
nificant figures the greatest and least distance of the earth from the sun, 

Ans. (94.5, 91.3) million miles. 

16. Find the equation of the ellipse with foci at (±8,0) and which passes through (8, 18/5). 

Jf 2 y2 

Ans. - + i_ = 1 , 

100 36 

17. Determine the locus of the points which divide the ordinates of points on the circle 

+ y^ = 16 in the ratio ^ . Ans. + 4y^ = 16. 

18. Find the equations of the focal radii drawn to the point (1,-1) on the ellipse 

z^ + 5y^ - 2z + 20y + 16 = 0. 

Ans. z - 2y - 3 = 0, z + 2y + 1 = 0. 

19. Find the equation of the ellipse which passes through the points (0,1), (1,-1), (2,2), 
(4,0), and whose axes are parallel to the coordinate axes. 

Ans. 13z^ + 23y^ - 51z - 19y - 4 = 0. 

20. Find the equation of the locus of the center of a circle tangent to the circles 

z^ + y2 = 4 and z^ + y^ - 6z - 27 = 0. 

Ans. 220z^ + 256y^ - 660z - 3025 * 0 and 28z* + 64y^ - 84z - 49 = 0. 


CHAPTER 7 


The Hyperbola 


THE HYPERBOLA. A point moves so that the difference of its distances from two 
points f(c,0) and f'(-c,0) is 2a, where a is constant and a<c. Determine 
the equation of its locus. See Figure (a). 



Figure (o). 



Let P(x,y) be. any poiqt on the locus. 

Then F’P ~ PF = 2a. or /(x + cf + (y-0)^ - /(x -c)^ + (y -0)^ = 2a. 
Transposing one radical, /(x + c)^ + (y -0)^ = 2a + /(x -c)^ + (y -O)^ . 
Squaring and collecting terms. cx - a^ = a/(x-c)^ + y^. 

Squaring and simplifying, (c^-a^)x^ - a^y^ = a^(c^-a^). 


Dividing through by a^ (c^ - a^).-the equation becomes — - —^ - = 1. 

2 2 2 
a c — a 

Since c>a, - a^ will be positive. Write c^-a^ = 6^, We then have 
the standard form of the equation of a hyperbola with its center at the 
origin and its foci on the x-axis. 


X 


2 





If the foci are at (0,c) and(0,-c) the standard form is 





The general form of the equation with the center at the origin and foci 
on the coordinate axes is i4x^-By^ = ±1, the positive sign occurring when 
the foci are on the x-axis. 

Since the equation contains only even powers of x and y. the curve is 
symmetric about the x and y axes and the origin. 


The transverse axis is i4'i4. of length 2 a. The conjugate axis is 
of length 2b. See Figure (b) above. 
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c i/a ^ 

The eccentricity e = - = - -- it is seen that e > l, which agrees 

a a 

with the general definition of the conic sections. The equations of the 
directrices DD and D'D' are x = ± - when the foci are on the x-axis, and 

e 

y = ± - if the foci are on the y-axis. 

The vertices of the hyperbola are the points in which the curve cuts 
its transverse axis. 


The length of the latus rectum is 


2b 


The equations of the asymptotes are 


y = ± -X when the x-axis is the transverse axis, 

d 


and y = ± |x when the y-axis is the transverse axis. 

O 

If the center of the hyperbola is at (h,k) and the transverse axis is 
parallel to the x-axis, the standard form of the hyperbola is 

-6)^ _ (y -kf ^ ^ 

a2 b^ 


If the transverse axis is parallel to the y-axis, the equation is 

~ b^ 

The equations of the asymptotes are 

y-/c = ± -(x~h) if the transverse axis is parallel to the x-axis, 

3 

and y-k = ± -(x-6) if the transverse axis is parallel to the y-axis. 

b 

The general form of the equation of the hyperbola with axes parallel 
to the X- and y-axes is 

Ax^ - By^ + i)x + £y + f = 0, 

where A and B agree in sign. 


SOLVED PROBLEMS 


1. Find the equation of the hyperbola with center at the origin, transverse axis on the y- 
axis, and passing through the points (4,6) and (1,-3). 

2 2 

In the equation — - — = 1, substitute for x and y the coordinates of the given 

a" 6" 


points. Then, H _ 1® = 1 and _ _L = i. 

62 a2 62 

Solving this pair of simultaneous equations, a - 36/5 and 6=4. 

_ 2 2 

Substituting and simplifying, _ ^ = 1 or 5y^ - 9x = 36. 

36 4 
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2. Find the coordinates of the vertices and the foci, the equations of the directrices, the 
equations of the asymptotes, the length of the latus rectum, the eccentricity, and plot 
the graph of the hyperbola 9x^ - 16y^ = 144. 

^2 ..2 

Write the equation in the form ^-- = 1. Then a = 4, b - 3, c - /le + 9 = 5. 

16 9 

The intercepts are (±4,0), and the foci are (±5»0). 

The eccentricity e = £ = 5 » and the equations of the directrices are x = ± £ = ± — • 

a 4 e 5 



Problem 2. 


3 . Determine the equation of the hyperbola with its axes parallel to the coordinate axes and 
center at the origin, if the latus rectum is I 8 and the distance between the foci is 12. 



Problem J(a), Problem 3(b), 


Latus rectum = 2b^/o. = I 81 and 2c = 12. Then b^ = 9u and c 6 . 

Since 6^ = c^-a^ = 36 -a^. then 9a = 36-a^ or + 9a - 36 = 0. 

Solving, (a - 3)(a + 12) = 0 and a = 3,-12. Reject a - -12. 

For = 9 , 6 ^ = 36 - 9 - 27 and the two required equations are 

22 22 

(a) £-^ = 1 or 3x^ - = 27, and ( 6 ) 2L _ fL * 1 or 3y^ - x^ ^ 

9 27 9 27 


27 . 
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4. Determine the equation of the hyperbola having foci at (0, ±3) and conjugate axis 5. 


Given: c = 3 and 6 = - • Then - 6^ = 


'-f 


y X 

Substituting in ^-=1, we obtain 


11/4 25/4 


= 1 or lOOv - 44x ^ 275. 


5- Determine the equation of the hyperbola having its center at the origin, transverse axis 
on the X-axis, eccentricity 5/7 . and length of latus rectum 6. 


Given: e = 


f 2 , t2 

a + 0 


/7 2o 2 

= — . and latus rectum = - = 6 or 6 

2 a 


2 2^2 2 2 
Solving simultaneously a + 6 = -a and 6 = 3 a, we obtain a 

4 


^22 22 

Substituting in-— = 1 , the required equation is ^-— = 1 

6 ^ 16 12 


= 3a. 


= 16. 6 = 12 


or 3x^-4y^ 


6 * A point moves so that the product of its directed distances from the lines 4x-3v+ 11 = 0 
and 4x+3y + 5 = 0 is 144/25. Find the equation of its locus. 


Let P(x,y) be any point on the locus. Then ^ 

-5 -5 


144 


2 2 

Simplifying, 16x^ - 9v^ + 64x + 18y - 89 = 0 or // _ iZ-—U. 

which is the equation of a hyperbola having the given lines as asymptotes. 




P(^,y) 


mi 


P(x,y) 


4y-9=0 








Pfxyi 


Problem 6* 


Problem 7. 


7 . A point (x,y) moves so that its distance from (0,4) is 4/3 its distance from the line 
4y - 9 =0. Find the equation of its locus. 


- 0 )^ + (y - 4/ = 


Squaring and simplifying, 9x 


2 2 

y X 


- 7y + 63 = 0 or — - — = 1, a hyperbola. 

9 7 
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8 * Find the eQUatlon of the hyperbola having Its center at the origin, one vertex at (6,0), 
and the equation of one asymptote 4 x- 3 y = 0 . 

Write the equation of the given asymptote in the form v = lx. 

^ 3 


The asymptotes for 


= 1 are y 


= ± - X, 

a 


Then - ~ i 
a 3 


Since one vertex is at (6,0), a = 6 and 6 * 


4q 

~ - 8 . and the equation is — 
3 36 


y 

64 


- ^ = 1 . 


9* Determine the equation of the hyperbola with its center at {-4»1), vertex at (2,1), and 
semi-conjugate axis 4 . 

The distance between center and vertex is 6 ; hence a = 6 . 

The semi-conjugate axis is 4; hence 6 = 4 . 

Substituting in = i, we obtain = 1 . 

6 ^ 36 16 


10* Find (a) the center, ( 6 ) the vertices, (c) 
the foci, ^d) the equations of the asym¬ 
ptotes, and (e) sketch the hyperbola whose 
equation is 9x^ - 16y^ - 18x-64y - 199 = 0. 

Complete the square and write the equa¬ 
tion in the standard form 

(x - hf (y - k)^ , 

^— • x« 

9(x2-2x + 1) - 16(y^+4y + 4) = 199 -64 +9, 
9(x -1)^ - 16(y + 2)^ = 144. 

(X - 1 )^ (y 2 )^ _ , 

16 * 9 



Ans, (a) (1,-2); ( 6 ) (-3,-2), (5.-2); (c) (-4.-2). (6,-2); (<^) y + 2 





11* Write the equation of the hyperbola passing through the point (4,6) and whose asymptotes 
are y = ± }/3 x » 


X y b 

The asymptotes of the hyperbola — - i— = 1 are given by y = ± -x. 

Rearranging, ^ = ±- » or = 0 and 1 + ^ = 0. 

0 a o 6 ah 

2 2 

Since the product (i - ^)(- + ^) = 1-2L = o, it follows that the equations of 

a 6 a 6 6^ 

x2 y2 

the asymptotes for-— = 1 can be determined by setting the constant term equal to 

b^ 

zero and factoring. 

Thus, in this problem the equation of the hyperbola has the form 


(y -/3x)(y + v^x) * C (a constant). 
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Substituting the coordinates of point (4,6), (6 - 4 v^) (6 + 4 1/3 ) = C = -12- 
Hence the required equation is (y - /3 a:) (y + v /3 ) = -12 or - y^ = 12. 


Definition. Two hyperbolas are called conjugate hyperbolas if the transverse and conjugate 
axes of one are respectively the conjugate and transverse axes of the other. If the equa¬ 
tion of a hyperbola is written in the typical form, then the equation of the conjugate 
hyperbola is found by changing the signs of the coefficients of and y^ in the given 
equation. 

2 2 

12. Write the equation of the hyperbola conjugate to the hyperbola ^_ — = 1 , Write the 

9 16 

equations of the asymptotes and find the coordinates of the foci for each hyperbola. 

-2 2 

The equation of the conjugate hyperbola is - + i- = 1 , 

9 16 

For each hyperbola, c = /9 +16 = 5. Then the coordinates of the foci are (±5,0) for 
the given hyperbola and (0,±5) for the conjugate hyperbola. 

A 

The equations of the asymptotes, y = ± -x, are the same for both hyperbolas. 


13 * Derive the equation of the locus of a point P(x,y) which moves so that the product of 
the slopes of the lines joining it to (- 2 . 1 ) and ( 4 . 5 ) is 3 . 

^x + 2 ^ ^x - 4 ^ ” Simplifying, 3 x^ - y^ + 6 y - 6 x - 29 = 0, a hyperbola. 


14. Show that the difference of the distances from the point (8, on the hyperbola 

22 ^ 

64x - 36y = 2304 to the foci is equal to the transverse axis. These distances are the 

focal radii of the point. 


2 2 

Write the equation in the form - - ^ = 1 . 

36 64 


Then c - ± /36 + 64 = ± 10 


The length of the transverse axis is 2a = 12 . 

The difference of the distances from (8, to the foci (±10,0) is 

3 


{e + 10)^ + (-5^5 - 0)^ 

3 


(9 - 10 )^ + (. 5 ^ ^ 0 )^ 

i5 


= 55 . 12 

3 3 


^ SUPPLEMENTARY PROBLEMS 

Find (a) the vertices, ( 6 ) the foci, (c) the eccentricity, (d) the latus rectum, and (e) 
the equations of the asymptotes of each of the following hyperbolas: 

(1) 4x^ - 45y^ = I 8 O; (2) 49y^ - 16x® = 784: (3) ~ = 25. 

/Ins. ( 1 ); (a) (±3/5,0): (b) (±7,0); (e) 2^; (d) ; (e) y = ±2^x. 

15 15 15 

( 2 ): (a)(0, ±4); (fc)( 0 ,±/K): (d) ^; (e) y = ± 4*- 

4 ^ 7 
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Write the equations of the hyperbolas for which the following conditions are given: 

(а) Transverse axis 8 , foci at (±5,0). Ans, 9x^ - I6y^ = 144 . 

( б ) Conjugate axis 24, foci at (0, ±13). >lns. 144y^ - 25x^ = 3600. 

(c) Center at (0,0), a focus at (8,0), a vertex at (6,0), Ans, - 9y^ = 252. 

A point moves so that the difference of its distances from (0,3) and (0,-3) is 5. Derive 
the equation of its locus. Arts, 44x^ - lOOy^ = 275. 

Find the equation of the locus of a point which moves so that its distance from (0,6) is 
3/2 of its distance from the line y - 8/3 = 0. Ans, 5 y^ - 4x^ - 80. 

Write the equation of the hyperbola with its center at the origin, transverse axis on 
the y-axis, length of latus rectum 36, and distance between its foci 24. 

Ans. 3y^ - = 108. 

Write the equation of the hyperbola with its center at the origin, transverse axis on the 
y-axis, eccentricity 2vT, length of latus rectum 18. Ans, 121y^ - llx^ = 81. 

Write the equation of the hyperbola with its center at the origin, axes on the coordinate 
axes, and which passes through (3,1) and (9.5). Ans. x^ - 3y^ = 6 . 

Derive the equation of the hyperbola with vertices at (±6,0) and asymptotes 6 y = ± 7x. 

Ans. 49x2 _ 3 gy 2 ^ 

Determine the equation of the locus of a point which moves so that the difference of its 

2 2 

distances from (-6,-4) and (2,-4) is 6 . Ans. * 1 . 


10. Find the coordinates of (a)‘ the center, ( 6 ) the foci, (c) the vertices, and (c() the equa¬ 
tions of the asymptotes for the hyperbola 9x^ - 16y^ - 36x - 32y - 124 = 0 . 

Ans. (a) (2,-1); ( 6 ) (7.-1),(-3,-1): (c) (6,-1),(-2,-1): (d) y+ l=±3(x-2). 

11. A point moves so that the product of the slopes of the lines connecting it with (-2,1) 

and (3,2) is 4. Show that the locus is a hyperbola. Ans. 4;r*-y^ -4x + 3y - 26 * 0. 

12. A point moves so that the product of its directed distances from the lines 3x-4y + l = 0 

and 3x + 4y-7 » 0 is 144/25. Find the equation of its locus. What curve is it? 

Ans. 9 x 2 _ jgy 2 _ ^ 32 y _ 151 = 0 . Hyperbola. 

13. Find the equation of the hyperbola with its center at (0,0), a vertex at (3,0), and the 

equation of one asymptote 2 x - 3y = 0 . Ans. 4x^ - 9y^ = 36. 

14. Write the equation of the hyperbola which is conjugate to the hyperbola of Problem 13. 

Ans. 9 y 2 - 4^2 = 36. 

15. Find the points of intersection of the hyperbolas, and trace the curves 

x 2 - 2 y^ + X + 8 y - 8 = 0 , 

3x^ - 4y^ + 3x + 16y - 18 = 0. 


Ans. (1,1), (1,3), (-2,1), (-2,3). 


3/5, 


16. Show that the difference of the distances from the point ( 6 , -^) on the hyperbola 9x^ - 

16y* = 144 to the foci is equal to the length of the transverse axis. These distances 
are the focal radii of the point. 



CHAPTER 8 


Transformation of Coordinates 


INTRODUCTION. It sometimes happens that the choice of axes at the beginning of 
the solution of a problem does not lead to the simplest form of the equa¬ 
tion. By a proper transformation of axes an equation may be simplified. 
This may be accomplished in two steps, one called translation of axes, 
the other rotation of axes. 


TRANSLATION OP AXES. Let OX and OY be the 
original axes, and let O'X' and O'Y' 
be the new axes, parallel respectively 
to the old ones. Also, let O' referred 
to the old axes be (h,k). 

Let P be any point in the plane, 
and let its coordinates referred to 
the old axes be (x,y) and referred to 
thenewaxes be (x',y'). To determine 
X and y in terms of x\y',h and k: 

X = MP - MM' + M'P = h + X' and 


y = /VP = + /V'P = /c + y'. 


Hence the equations of translation 
are 


X = x' + h, y 



y' + /c. 


ROTATION OP AXES. Let OX and OY be the o- 
riginal axes and OX' and OY' the new 
axes. 0 is the origin for each set of 
axes. Let the angle X^OX through which 
the axes have been rotated be repre¬ 
sented by 0. Let P be any point in the 
plane, and let its coordinates re¬ 
ferred to the old axes be (x,y) and 
referred to the new axes be (x',y'). 
To determine x and y in terms of x', 
y' and 0 : 

X = o^f = 0/V - jV/V 

= x’ COS0 - y’ sin0 and 

y ^ MP ~ MM’ ^ M’P = AW' + M’P 
= x’ sin0 + y' COS0. 



Hence the formulas for the rotation of the axes through an angle 0 are 


X = x' COS0 - y’ sin0 , 
y = x' sin0 + y' COS0. 


66 






TRANSFORMATION OF COORDINATES 


67 


SOLVED PROBLEMS 

4 2 2 

!• Determine the equation of the curve 2x + 3y - 8jr + 6y = 7 
when the origin is translated to the point (2»-l). 

Substituting * * *'+ 2t y * - 1. in the equation, 

we obtain 

2(x'+ 2)^ + 3(y'- 1)^ - 8(x'+ 2) + 6(y'- 1) = 7. 

Expanding and simplifying, the equation of the curve 
referred to the new axes is 

+ 3y'^ = 18. 

This is the standard equation of the ellipse with its 
center at the new origin and its major axis on the x'^ 
axis, with semi-axes a « 3» 6 = /6. 

2« Determine a translation of axes that will transform the 

into one in which the coefficients of the first degree terms are zero. 

Substitute for x and y the values x' * h and y'+ k respectively and collect the coef¬ 
ficients of the various powers of x' and y', 

2(x' + - 4(y' + ky^ + 6(x' + h) + 24(y' + fe) = 135, or 

~ 4y'^+ (6h + 6)x'- (Bk-2^)y' + 3h^ - 4fe^ + 6h + 24k = 135. 

Prom 6h + 6 - 0 and 8/z -24 = 0 we obtain h ^ and k ^ Z, and the equation becomes 

Zx'^ - 4y’^ = 102 . 

This is the standard form for the hyperbola with its center at the origin, transverse axis 
on the X-axis, and semi-transverse axis = v^. 

Another method. The following method is often used to eliminate first degree terms. 
By completing the square, 3x^ - 4y^ + 6x + 24y = 135 
becomes 3(x^ + 2x + l) -4(y®_6y + 9) = 102 

or 3(x + l/ -4(y-3/ = 102. 

For x + i substitute x', and for y-3 substitute y'» Then the equation becomes 

Zx'^ - 4y'^ = 102. 



equation 3x^ - 4y^ + 6x + 24y = 135 


5- Determine the equation of the parabola x^ - 2xy + y^ + 2x-4y + 3 = 0 when the axes have 
been rotated 45*^. 

X - x' cos45° - y' sin45° == ^ and y = x' sin45® + y' 00845" = ^ ^ ^ • 


/2 

Substituting these values in the given equation, 

- 2 (^ 1 ^) ^ . 2 (^) - 


/2 


/2 


v/2 »/2 


^/2 


/2 


/2 


) + 3 = 0. 


2 

Expanding and simplifying, the equation reduces to 2y' -v^x' - 3v^y' + 3 = 0, a 
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parabola with its vertex at (1^ . 1^) and its axis parallel to the new x'-axis. 

4. Determine the angle through which the axes must be rotated to remove the xy term in the 
equation 7x - 6\/3xy + I3y = 16. 

In the given equation, substitute x = cos 9 - sin 0 

and y = x' sin 0 + y^ cos 6. Then. 

7(x' cos 9 - y ^ sin 0)^ - 6v^(x ' cos 0 - y ^ sin 9) (x ^ sin 0 + y ^ cos 0) 

-t- 13(x' sin 0 + y^ cos 0)^ = 16. 

Expanding and collecting coefficients of the different terms, 

(7 cos^e - 6 A sin 6 cos e + 13 sin^G)*'^ + [12 sin 0 cos 0 - 6 i/3(cos'0 - sin^0)]x'y' 

+ (7 sin 0 + 61/3 sin0 cos 0+13 cos^0)y^^ = 16. 

To eliminate the x'y' term set its coefficient equal to zero and solve for 0. 

12 sin 0 cos 0 - 6i/T(cos^e - sin^0) = 0. or 

6 sin 20 - 6 vT(cos 20) = 0. 

Then tan 20 - 20 = 60°. and 0 = 30°. 

Substituting this value of 0. the equation reduces to + 4 y'^ = 4 . This is the 

equation of an ellipse with its center at the origin and its axes along the new axes. The 
semi-axes are a = 2 . 6 = i. 


THE MOST GENERAL FORM of the equation of the second degree is 

Ax^ + Bxy + Cy^ + Dx + Ey + F = 0 . 

It is shown in the general discussion of this equation that the angle 0, through which it 
is necessary to rotate the axes to eliminate the xy-term can be found from the equation 

tan 20 = _ — __ 

A - C 


5 . 


By translation and rotation of the axes reduce the equation 

5x + 6xy + 5 y^ - 4x + 4y-4 =0 

to its simplest form. Sketch the curve showing all three sets of coordinate axes. 

To remove the first degree terms, use x = x' + /i, y = y" + k. 

5(x' + hf + 6(x'+h)(y^+A) + - 4(x^+/i) + + -4=0. 

Expanding and collecting terms, 

5x^ + 6x'y^ + + (lo/j + ek -4)x^ + (loA + 6h + 4)y' + 5/*^ + 6/tA + - 4 h + 4* - 4 = 0. 

Set 10h + 6k~4 = 0 and lOA + 6/i + 4 = 0, and solve to obtain /i = 1. k = -U Then the 
equation reduces to 


+ Gx'y' + 5y^^ = 8. 


To find 0, use tan 20 = 


B 


A - C 


5-5 


= cx> 


. Therefore 20 = 90°, 0 = 45°. 


The equations for rotation are x' * _ , yf - 

/2 


x" + y" 
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Substituting, 






/2 


/2 



Expanding and simplifying, the equation re¬ 
duces to 

4x"^ + y"* = 4, 

an ellipse with its axes on the y"-axes, cen¬ 
ter at the new origin, semi-major axis 2» semi¬ 
minor axis !• 



THE GENERAL EQUATION Ax^ + Bxy + Cy^ + Dx + Ey + F = except in special cases, is the 
equation of a conic section. It can be proved that if 

2 

B — 4AC < 0, the curve is an ellipse, 

B - 4AC - 0, the curve is a parabola, 

2 

B - 4AC > 0, the curve is a hyperbola. 

For the special cases which may exist, the locus will be two straight lines, a point, or 
imaginary. 

6. Determine the nature of the locus of the following equation: 4x^-4xy+ - 6x + 3y + 2 = 0. 

Since B^~4AC - 16 >16 - 0, the locus may be a parabola. 

By grouping the terms this equation may be factored. 

(4x^ - ^xy + y^) - 3(2x - y) + 2 == 0, 

(2x - y)^ - 3(2x - y) + 2 =0, 

(2x - y ~ l)(2x - y - 2) =0. 

The locus is two parallel lines, 2a:-y-1=0 and 2a:-y-2=0. 


7. Determine the nature of the locus of the equation - 12jcy + 7y^ + 4=0. 

Here B^-4AC = (144 - 252) < 0, which is necessary for the ellipse. 

If, however, we write this equation in the form 

(3x - 2y)^ + 3y^ + 4 =0, 

we see that no real values of x and y will satisfy the equation. The locus is imaginary. 
Another method is to solve the equation for y in terms of x by the quadratic formula. 

+ 12x ± /(12xf - 4(7) (9x^ + 4) +6x ± /-(27x^ + 28) 

2(7) 7 

The locus is imaginary for all real values of x. 

8. Remove the first degree terms in 3x^ + 4y^ - 12x + 4y +13 =0. 

2 2 

Completing the square, 3(*^-4x+4) + 4(y^+y + i) =0, or 3(x-2) + 4(y+5) = 0. 

Setting x-2 = x' and y + i = y' gives 3x'^ + 4y^^ = 0- 

This is satisfied only by x' = 0. y' =0, which is the new origin and its locus. 

The locus of the original equation is the point (2, -^)* 


Hi 
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9. Simplify the following equation: 4x^ - 4xy + - 6/5x - 16v^y = 0. 

2 

Since B -4AC = 0, the locus may be a parabola. 

In the case of the parabola rotate the axes before translating them. 

tan 20 = 1 , Therefore cos 20 = - 2 , 

4-1 3 5 

Since cos 20 = 2 cos^0 - 1 = - 2 , cos^0 = 2 • cos 0 = — . and sin 0 = — . 

5 5/5 /5 


The equations for rotation are x ~ 




/5 


v/5 


Substituting, 


- 4(^1::^)- le = o. 

/5 /5 /5 /5 


Expanding and simplifying, we obtain y' - 8x' =0, a parabola. 




10. Simplify the equation xy-2y-4x = 0. Sketch the curve showing all three sets of axes, 

2 

Since B -4^C = 1>0, the curve if it exists is a hyperbola. 

Substituting x = x' + /i, y = y'+ fc, the equation becomes 

(x^+ h)(y'+ k) - 2(y^ + k) - 4(X^+ h) = 0. or 
x’y' + (k~~4)x' + (/i-2)y' + hk - 2 k ~ 4h ^ 0, 

When fe=4, h = 2. the resulting equation becomes x’y' - 8. 


To determine the angle for rotation: tan 20 = 


Then x^ = 1—L. . y/ = ^12. . and (I ’l.)i 

/2 /2 /2 


Simplifying, the final equation is x"^ - y 


r/2 - 


1 = 00 , 20 = 90 **. 0 = 45 ^ 

= 8 . 

16, an equilateral hyperbola. 


11. Find the equation of the conic through the five points: (1,1), (2,3), (3,-1), (-3,2), (-2,-1). 

Divide the general equation of the second degree by A and write it 

X® + B'xy + Cy + B'x + B'y + f' =0. 
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Substitute the coordinates of the points for x and y. 

B' + C’ + D' + E' + F* = -1 

GB’ + 9C' + 2D' ^ 3E' + F' = -4 

-3B' + C' + 3D' - E' + F’ = -9 

-6B' + 4C' - 3D' + 2£' + F' = -9 

2B' + C' - 2D' - E' ^ F' * -4 


Solving these equations, B' 





22 

9 


Substituting these values in the original equation and simplifying, the equation is 

+ 8xy - 13y^ - x + 19y - 22 = 0. 


Since B^-44C = (64 + 468) >0. the conic is a hyperbola. 

A second eiethod of solving this problem follows. 

The equation of the line AB is x—5y + 13 = 0, of line 
CD is y + 1 = 0. The equation of this pair of lines is 

(y + l)<x -5y + 13) = xy - 5y^ + x + 8y + 13 =0. 

In like manner, the equation of the pair of lines AD 

and BC is 12x^ + 7xy + y^ - 5x - 4y - 77 =0. 

The system of all curves passing through the points of 
intersection of these lines is 



xy - 5y^ + X + 8y + 13 + k{12x^ + 7xy + y^ - 5x - 4y - 77) = 0. 

To find the curve of this system which passes through the fifth point (1,1), substi 
tute the coordinates of this point for x and y and solve for k. Then k = 3/11. 

When this value is substituted for k, the equation reduces to 

9x^ + 8xy - 13y^ - x + 19y - 22 =0. 


SUPPLEMENTARY PROBLEMS 



By translating the axes, using x = x' + /i, y ~ y' + k, reduce each of the following equa¬ 
tions to its simplest standard form, and state the nature of the locus. 


(a) y^ - 6y — 4x + 5 = 0. 

(b) x^ + y^ + 2x - 4y - 20 = 0. 

(c) 3x^ - 4y^ + 12x + 8y - 4 = 0. 

(d) 2x^ + 3y^ - 4x + 12y - 20 = 0. 

(e) x^ + 5y^ + 2x - 20y + 25 = 0. 


Ans. y^ * 4x. Parabola 
Ans. x^ + y^ = 25- Circle 
Ans. 3x^ - 4y^ = 12. Hyperbola 
Ans. 2x^ + 3y^ = 34- Ellipse 
Ans. x^ + 5y^ + 4 = 0. Imaginary ellipse 


2. Remove the first degree terms in each of the following equations by the method of com 
pleting the square. 

(а) x^ + 2y^ - 4x + 6y - 8 = 0. 

(б) 3x^ - 4y^ - 6x - 8y - 10 = 0. 

(c) 2x® + 5y^ - 12x + lOy - 17 = 0, 

(d) 3x* + 3y^ - 12x + 12y - 1 = 0. 


Ans. 2x^ 

+ 

4y" 

= 33 

Ans. 3x^ 

— 

4y^ 

= 9 

Ans. 2x^ 

+ 

5y^ 

= 40 

Ans. 3x^ 

+ 

3y" 

= 25 
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3. By translation of axes remove the first degree terms in 2xy - x- y + 4 = 0. 

Ans. 4xy +7=0 

4. By translation of axes remove the first degree terms in + 2xy + 3y^ + 2x - 4y - 1 = 0. 
Ans» 2x^ + 4xy + 6y^ - 13 = 0 


5. Each of the following is the equation of 
Use - 4AC. 

(a) 3x^ - lOxy + 3y^ + x - 32 = 0. 

(b) 41x^ - 84xv + 76y^ = 168. 

(c) 16x^ + 24xy + 9y^ - 30x + 40y = 0. 

(tf) xy + X - 2y + 3 = 0. 

(e) - 4xy + 4y^ = 4. 


a conic. Determine the nature of each conic, 

4ns. Hyperbola 

4ns. Ellipse 

4ns. Parabola 

4ns. Hyperbola 

4ns. Two parallel lines 


6. By rotation of axes simplify the equation 9x^ + 24xy+ 16y^ +90x - 130y = 0 and identify 
the locus. 4ns. - 2x - 6y = 0. Parabola 


7. Rotate the axes through the angle 0 = tan"^ - and simplify the equation 

3 

9x^ + 24xy + 16y^ + 80x - 60y = 0. 

Draw the graph showing both sets of axes. 4ns. x^ - 4y = 0 


8. Simplify each of the following equations by suitable transformations of axes, and draw 
the figure showing the locus and all sets of axes. 


(a) 9x^ + 4xy + Sy'^ + 12x + 36y + 44 = 0. 

(b) x^ - lOxy + y^ + X + y + 1=0. 

(c) 17x^ - 12xy + 8y^ - 68x + 24y - 12 = 0. 

(d) 2x^ + 3xy + 4y^ + 2x - 3y + 5 = 0, 

9. Determine the equation of the conic through 

4ns. 49x^ - 55xy + 36y^ - IlOx - 19v - 231 

10. Determine the equation of the conic through 

4ns. 16x^ + 46xy + 49y^ + 16x + 23y - 150 = 

11. Determine the equation of the conic through 

4ns. 17x^ - 16xy + 54y^ + llx + 64y - 370 = 

12. Determine the equation of the conic through 

4ns. xy - 2x + y - 10 = 0. Hyperbola 


4ns. 2x + y = 2 
4ns. 32x^ - 48y^ = 9 
4ns. x^ + 4y^ = 16 
4ns. No locus (imaginary) 

(5.2). (1,-2), (-1,1), (2.5). and (-1,-2). 
0. Ellipse 

(1.1) , (-1.2). (0.-2). (-2.-1). (3,-3). 

0. Ellipse 

(4.1) . (2.2), (3.-2). (4,-1). (1.-3). 

0. Ellipse 

(1.6). (-3,-2), (-5,0). (3,4). (0.10). 


CHAPTER 9 


Polar Coordinates 


POLAR COORDINATES. Instead of fixing the position of a point in a plane in 
terms of its distances from two perpendicular lines, it is sonietiiTies 
preferable to show its location in terms of its distance from a fixed 
point and its direction from a fixed line through this point. The coor¬ 
dinates of points in this system are called polar coordinates , 

In this system we have a fixed point 0 called 
the pole and a directed line OA called the polar 
axis . 

The polar coordinates of the point P are writ¬ 
ten (r,0), where r is the distance OP, and 0 the 
vectorial angle AOP, The distance r measured from 
O to the point P on the terminal side of the angle 
AOP is positive. As in trigonometry the vectorial 
angle 0 is positive when measured in a counter¬ 
clockwise direction, negative if measured clock¬ 
wise; r is positive if measured from the pole to the 
minal side of the angle, negative if measured in the 
i.e., on the terminal side produced through O. 

If r and 0 are connected by an equation of any 
values to 0 and determine corresponding values of r. 
termined lie on a definite curve. 

SYMMETRY. When plotting a graph in rectangular coordinates we often make use 
of symmetry. In polar coordinates there are tests which also may be used. 

If the equation is unchanged when 0 is replaced by -0, the curve is 
symmetric with respect to the polar axis. 

The curve is symmetric about the 90®—line if its equation is unchanged 
when 0 is replaced by k -9. 

A curve is symmetric with respect to the pole if its equation is un¬ 
changed when r is replaced by -r, or when 0 is replaced by ti +0. 



point along the ter- 
opposite direction, 

form, we may assign 
The points thus de- 


RELATION BETWEEN RECTANGULAR AND POLAR COORDINATES. 

Consider the point P(r,0), and suppose that 
the polar axis OX and the pole O are respec¬ 
tively the positive x-axis and the origin of 
a system of rectangular coordinates. Let the 
rectangular coordinates of P be (x,y). Then, 

X = r cos 0, 

y = r sin 0, 

r = /x2 + y2. 


and 
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SOLVED PROBLEMS 

1. Find the distance between the points Pi(r^,Q^) and 

Since we have given two sides and the included 
angle of a triangle, the third side can be found by 
the Law of Cosines. 

PiPz ~ - 2 r^r 2 cos (02 - 0i). 

2. Find the distance between the points (6,15®) and (8,75®). 

Using the form of Problem 1 above, d = + 8^ - 2(6)(8) cos (75° - 15°) 

= /^+ 64 - 96(f) = 2/13. 

3. Find the polar equation of the circle with its center at (r^^Gi) and radius a. 

Let (r,0) be any point on the circle. 

Using the cosine law, the equation is =: + rj - 2rri cos (0 - 0^) 

or - 2rir cos (0 - 0^) + rf = o^. 


Problem 3* Problem 4* 

4, Write the equation of the circle with its center at (a,0®) and radius a. 

Here 0j^ = 0°. By the cosine law, - 2racos0. 

Then the required equation is = 2arcos0 or r = 2 a cos 0. 

5* Find the area of the triangle whose vertices are 
(0.0), (rj^,0^). and (rg.Og), 

Area = ^(OP^)(h) 

= 5(ri,)r2 sin (Oj - 0^) 

= ^r^r^ sin (0; 0i). 

6. Find the area of the triangle whose vertices are 
(0,0), (6,20°), and (9.50°). 

Area = irir 2 sin (02 - 0i) = i(6) (9) sin (50° - 20°) = 13.5 square units. 
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7 . Find the eQuatlon of the line through the point (2,30°) and perpendicular to OV, 
Let (r,6) be any point on the line. 

Then r cos 0 = 2 cos 30° = 2(~) = /3, or r cos Q - /s. 

A 



Problem 7» 



8, Find the polar equation of a straight line parallel to the polar axis QX and 4 units be¬ 
low it. 

Let (r,-0) be any point on the line L. 

Then r sin (-0) =4, or r sin 0 + 4*0, 

Note* cos (-0) = cos 0; sin (-0) = - sin 0. 


9« A line passes through the point (4,30°) and makes an angle of 150° with the polar axis. 
Find its equation. 

Let (r,0) be any point on the line. 

Then OA - r cos (0 - 60°) = 4 sin 60°, or r cos (0 - 60°) = 2/3. 



10. Find the equation of the line through (4,120°) which is perpendicular to the line join¬ 
ing (4,120°) and the pole (0,0). Let (r,0) be any point on the line. 

The line L is perpendicular to the line d. Hence d - r cos (0 - 120°) = 4, and the 

equation of L is r cos (0 - 120°) = 4, 

The equation r cos (0 - 120°) = 4 is the polar form of the normal form of the equa¬ 
tion of the line in rectangular coordinates where /) = 4 and u) = 120°. 



Find the locus of P(r,0) so that 


OP 

MP 



(a constant). 


MP = NO + OQ = p + r cos 0 • 

Since OP - e(MP), r - e(p + r cos 0) 


gp 

1 - e cos 0 






or r 


X 
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If D'D were to the right of the pole 0, the equation would have the form 


r = 


ep 


1 + e cos 6 


Since the point (r,0) moves so that the ratio of its distance from the fixed point 0, 
the pole, to the fixed line D'D is constant and equal to e, the curve formed is a conic, 
the nature of the conic depending upon the value of e. 

If the fixed line D’D is parallel to the polar axis, the equation takes the form 


r = 


ep 


lie sin 6 


12. Determine the nature of the conic defined by the equation r = 


12 


4+3 cos 0 


Dividing numerator and denominator by 4, the equation becomes r = 


Hence e = a and the locus is an ellipse. 


1 + J cos 0 


Since ep = 3 or Jp = 3, then p = 4, and the directrix D'D is perpendicular to the 
polar axis and 4 units to the right of the pole. 


13 . Find the polar equation of the ellipse 9x^ + 4y^ = 36. 


IS 


Using the relations x - r cos 9, y = r sin 0 and substituting, the required equation 

9r^ cos^9 + 4r^ sin^0 = 36, or r^(4 + 5 cos^0) = 36. 


14. Write the following equation in rectangular coordinate form: 

- 2r(cos 0 - sin 0) - 7 =0. 


Substituting r * /x^ + y^, 0 = tan"^ - , the required equation is 


2 . ..2 ^ ' * 


x- y 


*‘+y‘ ( 


) - 7 0 or + y^ - 2x + 2y - 7 = 0, 


+y^ 


a circle with center at ( 1 ,- 1 ) and radius = 3 . 


15 . Write the following equation in rectangular coordinate form: 

4 


r = 


1 - cos 0 


» or r(l - cos 0) = 4 


Substitute r * \/x^ + y^ and cos 0 = ^ to get /x^ + y^ (1 - 


A^ + y^ 




.) * 4. 


Simplifying, A^ + - x = 4 or Jx + y^ = x + 4- 

Squaring, x^ + y^ = x^ + 8 x + 16 or - 8 x - 16 = 0, which is the equation of a 
parabola with vertex at (- 2 , 0 ) and symmetrical about the x-axis. 


16 . Change the following equation to rectangular coordinates and identify the curve; 

1 


r = 


1-2 sin 0 



POLAR coordinatp:s 


/ 


Substituting, 



Simplifying, 



or 



2y - 1) 


0 


But v/x^ + = 0 only when x = y = 0. 

Squaring and simplifying \/x^ +y* - 2y - 1 = 0 gives x^-3y^-4y-l = 0, a hyperbola. 


17 « Find the coordinates of the points of intersection of the following pair of curves: 

(1) r = 1 - cos 6 

( 2 ) r = sin 56 . 

2 I 

By trigonometry, 1 - cos 0=2 sin 56 . 

Then 2 sin^ 56 = sin 36 , or sin 56 ( 2 sin 50 - 1 ) = 0. Solving, sin 0 = 0, 5 . 
For sin ^0 = 0, 0 = 0°; for sin 50 = 2, 50 = 30®, 150°, and 0 = 60°, 300°. 

Hence the coordinates of the points of intersection are (0,0°), (i,60°),(5,300°). 


18 * Find the center and radius of the circle + 4r cos 0 - 4/3rsin0 - 20 =0. 

Use the equation of the circle in Problem 3. When expanded, this becomes 

- 2r(r^ cos 0^ cos 0 + sin 0j^ sin 0) + rj - =0 

or - 2ri cos 0^ r cos0 - 2rx sin 0^ r sin0 + rf - =0. 

By comparing the given equation with the expanded form, we have 

(1) -2rj cos 01 = 4, (2) 2ri sin 0^ = 4/3, and (3) - a = -20. 

Dividing equation (2) by equation (l) gives tan 0^ = -/S, 0i = 120°. 

Substituting in (i), -2ri(-5)= 4 or = 4 . Then from ( 3 ), 16-a^ = -20, a = 6. 

Hence the circle has center (4,120°) and radius 6. 


19 * Find the equation of the locus of a point which moves so 


that the product of its distances from (-a,o ) and (a,0 ) 
2 

IS a'. 

In triangle AOP, by the cosine law. 


AP = y/a^ + — 2ar cos (180° -0) = /a^ + + 2ar cos 0, 


In triangle BOP 


, PB - y/a^ + - 2ar cos 0. 


(AP)(PB) = /(a^ + r^)^ - 4 a^r^ cos^0 == a^. 


Squaring, 


o'* + 2a^r* + - 4a^r^ cos''0 = a**. 

2 . 



or 


Simplifying, r** + 2 a^r^ - 4aV^ cos^0 =0 or r^(r^ + 2 a^ - 4 a^ cos^0) = 0, 
Hence the required equation is + 2a^ - 4a^ cos^0 = 0, 

r* = 2a^(2 cos*0 - i) = 2a^ cos 20. (The lemniscate. See Problem 25 below.) 
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20. A line of length 2a has its extremities on two fixed perpen¬ 
dicular lines. Find the locus of the foot of the perpendicu¬ 
lar from the intersection of the two fixed lines to the given 
line. 

Let one of the fixed lines be the polar axis, and let the 
point of intersection of the two fixed lines be the pole. 

Then OA = OP sec 0 = AB cos(90° - 9) 

or r sec 0 = 2a cos(90® - 0) 

or —-— = 2a sin 0. 

cos 0 



Hence r = 2a sin 0 cos 0 or r = a sin 20. (The four-leaved rose.) 


21. Discuss and plot the locus of the equation r = 10 cos 0. 

Since cos (-0) = cos 0, the locus is symmetric with respect to the polar axis. 

0 may have any value, but r varies from 0 to ±10; hence the curve is a closed curve. 
To determine points on the graph, assume values for 9 and determine corresponding 
values for r. Prom Problem 4 we know that the locus is a circle, with the radius a ^ 5 
and center on the polar axis. 



Problem 21. Problem 22. 


22. Plot the graph of the equation r = _i: . 

1 - cos 0 


Since cos (-0) - cos 0, the curve is symmetric with respect to the polar axis. 
For 0 = 0®, r is infinite; and for 0 = 180°, r = 1. The curve is an open curve. 
The locus of the equation is a parabola. Refer to Problem 11 above. 



23- Plot the graph of the three-leaved rose r = lo sin 30. 

Since the sine is positive in quadrants i and 2, and negative in quadrants 3 and 4, 
this curve will be symmetric about a line passing through the pole and perpendicular to 
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the polar axis. 

r will be zero when 30 Is 0°, 180*', or some multiple of 180° that is, when 0 = 0°, 

60®, 120®. r will have its greatest numerical value when 30 = 90®. 270®. or some 

odd multiple of 90®, that is, when 0 = 30®, 90®, 150®. 


0 


30° 

ia 

90® 

120® 

150® 

0 

O 

00 

210® 

240® 

270° 

300® 

330° 

r 

0 

10 

0 

-10 

0 

10 

0 

-10 

0 

10 

0 

-10 




Problem 24. 


24. Plot the graph of the cardiod r « 5<1 + cos 0). 

This curve is symmetric about the polar axis. 

Since cos 0 varies from 1 to -1, r cannot be negative. 

The value of r varies from 10 to 0 as 0 varies from 0® to 180® 


0 

0® 

e 

0 

45® 

60® 

90® 

120° 

135° 

150° 

180® 

r 

10 

9.3 

8.5 

7.5 

5 

2.5 

1.5 

.67 

0 



Discuss and plot the graph of the lemniscate 

= 9 cos 20. 

If we replace r by -r and 0 by -0, the 
equation reduces to its original form since 
cos (-20) = cos 20 and (-r)^ - r^. The locus 
is therefore symmetric about the pole and also 
about the polar axis. 

r has its greatest numerical value for 0 
* 0®since cos 0® = 1, and r « 3. 

For 45 

r is imaginary. 

tangents to the curve at the origin 



and the lines 0 = ±7i/4 are 


< 0 < 135®, and for 225°<0<315? 

For 0 = ± 45®, cos 20 = O; therefore r = 0 


* ± 3/cos 20. 


0 

20 

cos 20 

r 

0 

0 

1 

±3 

15® 

30® 

.866 

±2.8 

30® 

60® 

.5 

±2.1 

45® 

90° 

0 

0 


r 
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26. Find the locus of a point such that its radius vector is proportional to its vectorial 
angle. 

The equation is r = a0. This curve is called the Spiral of Archimedes. 



Problem 26, Problem 27, 

27 . Let P{r,^) be any point. Show that when the polar axis is rotated about the pole 0 through 
any angle a such that the new coordinates are (r',6^), then r' = r and 0^ = 9 - a. 

The formula for rotation in polar coordinates is 0 « 9^ + a and r * r\ 

28. By rotating the polar axis through 90® in a counterclockwise direction* show that the 
equation of the cardiod in Problem 24 becomes r = 5(i - sin 0). 

Substitute for 0 the value 90 ® + 9\ 

Then r' = 5[l + cos (90° + 9')] = 5(1 - sin 0'). since cos (90® + 6') =-sin0'. 

SUPPLEMENTARY PROBLEMS 

1. Using polar coordinate paper, plot the following points: (2, 30°). (-3, 30°), (5, 75®), 
(3. 210°), (2. Tl/2), (-2. 270°), (-4, 300°), (-3, -5Tl/6), (4, 0°), (0, 30°), (0, 60°). 

2* Find to the nearest tenth the distance between each of the following pairs of points. 


(a) 

(5, 

45°) 

and 

(8, 90 

®). 

Ans. 

5.7 

(6) 

(-5. 

-120 

®) and (4, 

150°). 

Ans. 

6.4 

(c) 

(50, 

30°) 

and 

(50, 

-90°). 

Ans. 

86.6 

(d) 

(3, 

150°) 

and 

(-2, 

60°). 

Ans, 

3.6 


3 . Find the area of each triangle whose vertices are the pole and each pair of points in 

Problem 2. Ans. (a) 14.14: (b) 10: (c) 1082,5; (d) 3. 

4. Write the polar equation of the straight line through (4, 120°) and perpendicular to OX, 
Arw. r cos 0 + 2*0. 

5 . Write the polar equation of the straight line through (3, -30°) and parallel to OX, 

Ans. 2r sin 0 + 3* * 0. 
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6. Write the polar equation of the line through (2. 120®) and the pole. 4ns. 0 = 2n/3. 

7. Find the polar equation of the line passing through (4. 2rt/3) and perpendicular to the 
line joining the origin to this point. 4ns. r cos (0 - 2r[/3) = 4. 

8. Find the polar equation of a line passing through (3, 0®) and making an angle of 3a/4 
with the initial line. Find r when 0 = -n/4 and explain your answer. 

4ns. /2r cos (0 - n/4) * 3. 

9. Find the polar equation of a line passing through ( 4 , 20°) and making an angle of 140° 

with the polar axis. 4ns. r cos (0 - 50 °) = 2\/3, 

10. Find the polar equation of the circle with its center at the pole and radius 5. 

4ns. r * 5. 

11. Find the equation of the circle with its center at (4. 30°) and radius 5. 

4ns* r* - 8r cos (0 - n/6) -9 = 0. 

12. Find the equation of each of the following circles: 

(a) Center at (3. 0°) and passing through the pole. 

(b) Center at (4» 45°) and passing through the pole. 

(c) Center at (5» 90°) and passing through the pole. 

(d) Passing through the pole, (3, 90°), and (4, 0°). 

13. Find the equation of the circle with center at (8, 120°), 

4ns. - 16r cos(0 - 120°) + 16 = 0. 

14. By comparison with the equation in Solved Problem 3, find the center and radius of the 
circle - 4r cos (0 - k/4) - 12 = 0. 4ns. (2, n/4), radius 4. 

15. Given the circle r* - 4/3r cos9 - 4r sin0 + 15 = 0, find the coordinates of the cen¬ 
ter and the radius. 4ns. Center (4, n/6), radius 1. 

16. Find the equation of the circle with its center at (8, n/4) and tangent to the polar 

axis. 4ns. - 16r cos (0 - n/4) + 32 = 0. 

17. Find the equation of the circle with its center at (4, 30°) and tangent to OX» 

4ns. - 8r cos(0 - n/6) + 12 = 0. 

18. Show that the equation of the circle through the pole andthepoints (a,0°) and (6,90°) 
is r = a cos 0+6 sin 0. 


4ns. r = 6 cos 0 
4ns. r = 8 cos (0 - 45°) 

4ns, r - 10 sin 0=0 
4ns. r = 4 cos 0+3 sin 0 

which passes through ( 4 , 60°). 


19. Find the center and radius of the circle r = 5 cos 0 - 5»^ sin 0. 
4ns. (5, —60 ), 5 . 


20. In Solved Problem 11, the equation of a conic section with its focus at the pole and its 
directrix perpendicular to the polar axis and p units to the left of the pole, was shown 
to be 

r = -fP_ 

1 - e cos 0 

If the directrix is p units to the right of the pole, the equation becomes 


r 


gp 

1 + e cos 0 


Show that the polar equation of the conic with its focus at the pole and directrix par- 
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allel to the polar axis and p units from it is 

^ 

lie sin 0 

where the sign is plus if the directrix is above the polar axis and minus if below. 


21. Determine the nature of each of the following conics with one focus at the pole. Deter¬ 
mine e and give the location of the directrix in terms of its direction with respect to 


the 

polar axis and 

its 

distance 

(n) 

t* 

4 

A 

i4ns. 

r 

2-3 cos 


(6) 

r 

2 

A 

/4ns. 

1 

1 - cos 0 

9 

(c) 

r 

6 

A 

/4ns. 

t 

2 - sin 0 



polar axis and 4/3 units from the corresponding focus. 


axis and 2 units to left of focus. 


and 6 units below the pole. 


22. Identify and sketch the locus of each of the following conics: 


(a) r = 


2 + cos 0 ’ 


(6) r = 


1 - cos 0 ’ 


(c) r = 


2+3 sin 0 


23. Find the polar equation of the ellipse 9x^ + 16y^ = 144. 

4as. r^(9 cos^G + 16 sin^0) = 144. 

24. Change to polar coordinates: 2x^-3y^-x+y = 0. Ans, r - 


cos 0 - sin 0 


In Problems 25-30, change the equations to polar coordinates. 


25. 

(z2 + y2)2 

= 2a^zy. 

/4ns. 

sin 20. 

26. 

1 

K 

II 

CM 

X 

4ns. 

r = 2a sin 0 tan 

27. 

(x^ + 

.22 
= 4z y . 

4ns. 

= sin^20. 

28. 

z - 3y = 

0. 

4ns. 

0 = arc tan 1/3. 

29. 

^ , 2 2 
z + z y 

- (* + y)^ = 0. 

4ns. 

r = ±(l + tan 0). 

30. 


. 2 2. 2 2.2 
= 16z y (z - y ) . 

4ns. 

r = ± CSC 40. 


31. By transforming the two point form of the equation of a straight line to polar coordi¬ 
nates, show that the polar equation of the line through (ri,0i) and (r 2 , 02 ) is 


rr^ sin (0 - sin (0^- Gg) + sin (02 - 0) = 0 


2 

y - 


(x —4) j 

32. Change to polar coordinates and simplify, eliminating the radicals: —^ “o’ “ 


/4ns. r = 


5-4 cos 0 


or r = 


-9 


5+4 cos 0 


Why 


are these equations identical? 




In Problems 33-39, 
r = 3 cos 0. 
r = 1 - cos 0. 


change the equations to rectangular coordinates. 

4ns. + y^ ~ 

/4ns. (z^ + y^ + xf = z^ + y^ 
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35. r = 2 cos 0+3 sin 0, 

4ns. 

- 2x - 3y = 0. 

36. 0 = 45°. 

4ns. 

1 

11 

O 

• 

37. r = - 

2+3 sin 0 

4ns. 

4x^ - 5v^ + 18y -9=0. 

38. r = a0. 

4ns » 

y/x^ + - a tan ^ - ♦ 

39. r* = 9 cos 20. 

4ns, 

(x^ + y*)* = 9(*' - y*). 



40. Find the points of intersection of the following pair of curves; r - 4(1 + cos 0) - 0, 
r(l - cos 0) = 3. 4ns. (6, 60°), (2, 120°), (2, 240°), (6, 300°). 

41. Find the points of intersection of the curves: r = i/2 cos 0, r = sin 20. 

4ns. (1, 45°). (0, 90°). (-1, 135°). 

42. Find the points of intersection of the curves: r = 1 + cos 0, r = 


43. 


Ans. (l+y. ±45°). d-y" ±135°). 

Find the points of intersection of the curves; r = 
(2|5,30°). 150°). 210°). 


2(1 - cos 0) 


/e cos 0, 

> 330 ) • 


a 9 cos 20 


44. Discuss and plot the graph of the curve r = 4 sin 20. 

9 

45. Discuss and plot the gr^h of the curve r * -- , • 

4—5 cos u 

46. Sketch the curve r = 2(1 + sin 0). 

47. Sketch the curve = 4 sin 20. 

48. Sketch the curve r = 1 + 2 sin 0. 

49. Sketch the spiral r0 = 4. 

50. Derive the polar equation of the ellipse when the pole is at the center. Hint: Use the 
law of cosines and the fact that the sum of the focal radii is 2a, 

4ns, r^(l - cos^0) = 

51. A line of length 20 units has its extremities on two fixed perpendicular lines. Find the 
locus of the foot of the perpendicular from the point of intersection of the fixed lines 
to the line of constant length. Let one of the fixed lines be the polar axis. 

4ns. r = 10 sin 20. 

52. Find the locus of the vertex of a triangle whose base is a fixed line of length 2b and 
the product of whose other two sides is b^. Take the polar axis on the base of the tri¬ 
angle and the pole as the midpoint of the base. 

4ns. = 2b^ cos 20. This is the lemniscate. 
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Tangents and Normals 

TANGENTS AND "NORMALfi. The tangent to a curve 
at a point on the curve is defined as 
follows. 

Let P and Q be two points on the curve 
as shown. Draw the secant line PQ, Now 
let the point Q move along the curve to¬ 
ward P, The secant line PQ turns about 
the point P, and as Q approaches coinci¬ 
dence with Pthe secant line Ppapproaches 
coincidence with the limiting line PT. 

The limiting line PT is called the tangent 
Hue to the curve at the point P. 

The normal PN to the curve is the line 
perpendicular to the tangent to the curve 
at the point of contact P. 

To find the equation of the tangent to the curve at a point Pi(x^,y^) 
on a curve whose equation is given, we must find the slope of the tangent. 

Example: Find the slope of the tangent 
to the circle at the point 

which lies on the circle. 

Choose anotiier point Q{x^ + h, yi+ k). 

Draw the secant P^^. The slope of the 
secant is k/h. As the secant turns about 
Pi the point Q approaches Pj and k and h 
each approach zero. The limit of the ra¬ 
tio k/h as k and h approach zero deter¬ 
mines the slope m of the tangent. 

Since (xi,yi) and (xi + h, y^ + k) each 
lie c*i the circle these coordinates must 
satisfy the equation of the circle. Sub¬ 
stituting, we have 

(1) + yl = 

and (2) (Xi + h)^ + (y^ + k)^ = or Xi + 2hx^ + + yf + 2 /cyi + k^ = . 

Subtracting (1) from (2), we get 2 hxi + + 2 /ryi + k^ = 0 

or /c(2yi + k) - -h(2xi + h ). 

Hence, ^ . The limit of this expression as h and k each ap- 

h 2yi + /c 

proach zero becomes - . or m ^ . 

2/1 yi 

Since the tangent passes through PiCxj.yj), its equation is 

y - /i = - - xi). 

/i 

Clearing of fractions, yiy - yj = _ x^x + x^ or 

^1-^ + Yiy = X® + yi = 
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The equation of the normal is 

or 


y - Yi = - xi) 

- Yi^ = ^xYi - = 0. 


SOLVED PROBLEMS 

!• Find the equations of the tangent and normal to 

2 2 

the ellipse — + 5L = i at the point Pi(xi,yi). 

a® 62 

Let the coordinates of Q be (xi+ /i, + fe). 

Substituting the coordinates of and Q in the 
equation, we have 


2 2 


= 1 


and 


( 2 ) 

fl 2 52 


= 1 . 


Expanding (2) and subtracting (1) from (2), 

2b^hxj^ + 6*^2 + 2a^ky^ + )?<? - 0 . 



« , . 6‘'(2xi +/i) 

" a2(2yi + fe) 


and 


lim • 
h 


s - lim 


26 ^x^ + b^h 
2a^yi + a^k 




Using y - yi = «(* - Xi), we have y - yi = - 


a=yi 


(X - Xi) 


2 22 ,2 . 2 

or a y^y - a y^ - -b + 0 x^. 


Since 6 ^xJ + a^yf = a® 6 ^, this becomes b^XjX + a^yiy 
the equation of the tangent. 

a^v 

The slope of the normal is —^ t and its equation is 

b^x. 


2,2 
s a 6 


or 


x« X 


a 


yiy _ 


62 


= 1 . 


2 

a y^x 


b^xjy = (a^- 6^)xiyi. 


2. Find the equations of the tangent and normal to 
the parabola y2 = 4ax at the point Pi(xi,yi). 


Substituting the coordinates of Pi(Xi,yi) 
and Q(xi+ h, yi+ k) in the equation of the pa¬ 
rabola, we have 

yl = 4axi and (yi + = 4a(xi + /i). 


k 

h 


Expanding and solving for k/h, we find 

——— > and lim ^ = lim ——-r “ 

2 yi + fe b 2yi + fe 


yi 


The‘equation of the tangent then is 

y - yi = - »i) or yiy - yf = 20* - 20*1. 

yi 

Since yl = 40 x 4 , this equation can be writ¬ 
ten y^y = 2 a(x + Xj). 
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The slope of the normal is - ^ and its equation is y^x + 2ay = x^^y^ + 2ay^ , 


3 . Find the equation of the tangent to the curve xy-a^ 
at the point Ptix^^y^) on the curve. 

Substituting the coordinates of points P^(x^,y^) 
and Q(xi+ h, y^+ k) and solving for k/ht we have 


k 

h 


yt* k 


and 


k 

lim - 
h 


- - lim 




yi 


The equation of the tangent is therefore 


y - yi = 


- - * 1 ) 


^ly - = ->!•' + Hyi 

2 



or 

or yix + x^y = 2xiy^ = 2 a‘. 

This can be written ?(yix + x^y) = , 

Therefore to write the equation of the tangent at the point of contact P\ixi,yi) to 
the locus of an equation of the second degree, replace 

x^ by x^x, y^ by y^y, xy by 2 (yiX+Xiy), x by i(x+xi) and y by i(y+yi). 


4. Let P^T be the length of the tangent andP^yV the length 
of the normal to the curve at P^. The projections ST 
and SN are called respectively the subtangent and the 
subnormal at P^. 


then 


and 



If m is the slope of the tangent at P^ix^^y^), 

- ~ = length of subtangent, 

A 

yin = length of subnormal. 

This is seen to be true since - cot 0 = - i and ST - - — • 

yi n n 

SN 

Also. — = - cot = - cot(0 - 90°) = tan 0 == m and ^ * myi. 

/i 

The subtangent and subnormal are measured in opposite directions; therefor^ they will 
have opposite signs. 

To find the lengths of the tangent and normal apply the right triangle theorem. 


5- Find the slopes of the tangent and normal to the circle x^+y^ = 5 at the point (2,1)- 
Use m = - ^ . Then the slope of the tangent is — ^ and the slope of the normal is — • 


y2 4v^ 

6 . Find the slopes of the tangent and normal to the ellipse — + — * I point (2, 

9 16 3 

o^x 

Use n *-r-i for the slope of the tangent. Substituting the coordinates of the giv- 




en point, n = - 


16(2) 


9(4v/573) 


® . and the slope of the normal is ^ 


15 


8 
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Show that the slope of the tangent to the curve +4xy = 0 at any point 

curve is n ® -2. 

k 

Use the two points Pi(*i,yi) and Q(Xi+ h, y^ + k) and determine the lim - . 

n 

Substituting, (l) 4(xi + /i/ + + h) (y^ + k) + (yi + - 9=0 and 

(2) 4x1 + 4xiyi + yj - 9 =0. 

Expanding (1) and subtracting (2) from the expansion, we have 


on the 


lim - = 

A 


toi + 4yt ^ 
4xi + 2yi 


® -2. 


2 

Another Method, The original equation can be written (2x + y) -9=0. 
Factoring, (2x + y + 3)(2x + y - 3) =0, two parallel lines of slope -2. 


3/5 

8. Find the slope of the tangent to the hyperbola 9x^-4y^ = 36 at the point (3, —j-) 

k 

Use the two points P, (x,,y,) and Q(xi + /i, y^ + k) and determine the lira - . 

A 


Expanding and solving for - $ 

h 

The slope at (3i is m = 

A 


- 4(yi + 

k)^ = 

36 

and 

(2) 

^2 ^2 

9xi - 4yi 

= 36. 

we have 


2x1 

+ h 

and 

14 * 

lim - = 

9x1 


9h 

2yi 

+ k 


h 

4yi 

27 

9/5 






6/5 

10 







= m 


9* Find the slopes of the tangent and normal to the curve y^ = 2x* at the point (2,4). 
Use the points on the curve PiCx^^yi) and Qix^ + h, y^+k). 

Substituting, (1) (y^ + k)^ - 2(xi + /x)^ or yl + 2ky^ + k^ = 2 xi + 6 xi/i + 6 x 1 / 1 ^ + 

and ( 2 ) yi = 2 xi. 

Subtracting (2) from expanded (1) gives 2^yi + k - Sx^^h + 6 xih + 2h , 

k 6x1 + 6*1 h + 2 h^ j 1 • ^ 6x1 3 xf 

Then - ® —i- - and lim - = —=. = —=• • 

h 2 yi + * h 2 yi yi 

ib 12 1 

At point (2,4), m = lira - = ^ = 3. The slope of the normal is - - . 

h 4 o 

10. Find the equations of the tangent and normal to the curve y = 2x at the point (2.4). 

In Problem 9, the slope of this curve at point (2,4) was found to be 3. 

Hence, the equation of the tangent is y-4 = 3(x-2) or y = 3x-2. 

The equation of the normal is y-4 = - g(x-2) or x + 3y = 14. 


11 . Write the equations of the tangent and normal to the curve x^ + 3xy-4y^ + 2x 
the point (2,-1). 

Using the rule which follows Problem 3, we have 

. 3(^1^-^) - 4y,y . 2(^L^) - (^) . 1 = 


-y+l = 


0 . 
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Substituting x^=2, we have 3x + 13y + 7 = 0, the equation of the tangent with 

slope -3/13. 

X 3 

The equation of the normal is y + 1 = (x-2) or 13^-3y-29 = 0. 

J 

12. Find the equations of the lines of slope m which are tangent to the ellipse 

/,x 1.2 2 , 2 2 2,2 

(l)6;t + ay = a& . 

The equations will have the form, (2) y = mx + k» 

Solving (1) and (2) gives + a^(mx+k)^ - . 

Expanding and collecting terms, (3) (6^ + a^n?)x^ + 2a^mkx + - a^b^ = 0. 


When the lines are tangent to the curve, the roots of (3) must be equal, that is, the 
discriminant must be equal to zero. Hence, 

>• 2,2 .,,2 ^ 2 2 ^, 2.2 2 , 2 ^ ^ .2 2 2 ,2 j . . /2 2 . .2 

4a m k - 4(0 + a m ) (a k -ab)=0 or k = am + o, and k = ± /a n + b . 

The equations of the lines with slope m and tangent to the ellipse are 


y - mx 


± + 6 *. 


13 . Write the equations of the lines which are tangent to the ellipse x*+ 4y^= 100 and par¬ 
allel to the line 3x+8y = 7. 

The slope of the given line is -3/8. Therefore the required equations of the tan- 

3 

gents are of the form y = - + fe, where k is to be determined. 

O 

By solving this equation and the equation of the ellipse simultaneously and imposing 
the condition for equal roots, we can determine k. Thus, 

+ 4(-|jc + k)^ -100 = 0 or 25x^ - 4Qkx + (64k^ - 1600) = 0. 

For equal roots the discriminant must be zero, or (-48fe)^ - 4 ( 25 )(64Jfe^ - 1600) = 0, 

2 25 

Solving, I6fe = 625, ^ = ± — • Hence the required equations are 

3 25 

y = - g* ± or 3x + 8y ± 50 = 0. 




14 . P5nd the equations of the lines through the point (- 2 .- 1 ) which are tangent to the el¬ 
lipse 5x^ + y^ = 5. 

Let P±(xi,yi) be a point of contact. The equation of the tangent is of the form 
5xix + yiy = 5 and the point (-2,-1) lies on this tangent; hence, -lOx^-yi = 5. Also, 
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2 2 

the point (*i,yi) is on the ellipse; hence, =5. 

Solving these equations simultaneously to find (xi^y^), we have two points of con- 

2 S 2 15 

tact, (--»-) and <- =• —=•)• Substituting these values in Sx^x + yiy = 5, we get 

3 3 I I 

2x - y + 3 = 0 and 2x + 3y + 7 = 0. 


15* Find the lengths of the subtangent, subnormal, 
tangent and normal for the point (>1,3) on the 
ellipse ^ ^ 

For the tangent use the form 

9xiX + y^y = 18. 

Substituting the coordinates of the point, 
-9x + 3y = 18 or 3x - y + 6 = 0. Hence m = 3. 

Subtangent ST = -yi/m = -3/3 = -1. 
Subnormal 5/V = =3(3) = 9. 

Length of tangent, PT = /s^ + = /lO^. 

Length of normal, PN - /9^ + 3^ = 3/10. 



DEFINITION. The locus of the middle points of a system of parallel chords of any conic is 
called a diameter of the conic. 

If the slope of the parallel chords is m, the 
equation of the diameter determined by the mid¬ 
points of these chords is: 

b^x 

y = - 


For the ellipse 


2 2 

s 


1. 




For the parabola y^ = 4ax, 


y * 


For the hyperbola 


4=1.. 

62 


2a 

I MB • 

m 

o 

a^m 


For the hyperbola xy * a , 


y = — mx 



For the general case of the conic ax^ + 2/ixy + by + 2gx + 2/y + c = 0, the equa¬ 
tion of the diameter has the form (ax + hy + g) + m(hx + by + /) =0. 


16 . Find the equation of that diameter of the ellipse 




1 which bisects all chords 


of slope i • 

O 


b\ 


Using y * - • the equation of the diameter is y = - 


4x 


a2m 


9(1/3) 


or 4x + 3y = 0. 


17 . Find the equation of the diameter of the conic 3^2 -xy-y^-x-y = 5 which bisects the 
chords of slope 4. 

Using (ax+ hy + g) + m(hx + by+ /) =0, where a=3, b=-i, b=-l, g=-i, / =-i and 
c =-5, we get 3x - iy - i + 4(- ix - y - i) = 0 or 2x - 9y - 5 = 0. 
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18- Find the equation of the diameter of the parabola 
= 16x which bisects chords parallel to the line 
2x - 3y - 5. 

2 

The slope of the line 2x-3y-5 = 0 is-« 

For the parabola y^ = 4ax the equation of the 

diameter is y = — • Therefore the required equa- 

n 

^. 8 

tion is y = or y_i2 = 0. 



19 * Find the equation of the diameter of the hyperbola xy = 16 which bisects chords whose 
slope is 2. 

The equation of the diameter of the hyperbola xy - which bisects chords of slope 
m is y = -flix. Therefore the required equation is y = -2x. 


SUPPLEMENTARY PROBLEMS 


1. Write the equations of the tangent and normal to each of the following circles at the 
points given: 

(а) + y^ = 25» (3.4). Ans. 3x + 4y = 25; 4x - 3y = 0 

(б) 2x^ + 2y^ - 3x + 5y-2 = 0. (2,0). Ans, x + y - 2 = O', x-y-2 = 0 

(c) - 6x + 8y - 25 = 0, (-2,1). 4n5. x-y+3=0: x+y+l=0 

2 Find the equations of the tangent and normal to the ellipse 2x^ + 3 y^ - 30 = 0 at the 
point (—3.2). 4ns. x—y+5=0; x+y+l=0 




Find the equations of the tangent and normal to the ellipse 3x^ + 4y^ — 6x + 8y — 45 = 0 
at the point (-3,-2). 4ns. 3x + y + 11 = O: x - 3y - 3 = 0 

Find the equations of the tangent and normal to the parabola x^ - 4y = 0 at the point 

4ns, x-y-l = 0; x + y- 3»0 


5. Find the equations of the tangent and normal to each of the following hyperbolas at the 
points given: 


(a) 6x^ - 9y2 - 8x + 3y + 16 = 0, (-1.2). 
(fe) x^-2xy-y^-2x + 4y + 4 = 0, (2,-2). 
(c) xy - 4 = 0 . ( 2 , 2 ). 

6. Find the equations of the tangents to the 
it is cut by the line 5x - 2y - 4 = 0. 

7. Find the equations of the tangents to the 
the point (1.4). 


4ns. 20x + 33y-46 = O: 33x-20y + 73 = 0 
4ns. 3x + 2y - 2 = O; 2x - 3y - 10 = 0 
4ns, x + y- 4 = 0: x-y = 0 

hyperbola Sx^ - 4y^ = 4 at the points where 
4ns. 5x - 2y - 4 = 0 

hyperbola x^ - 4y^ - 12 = 0 which pass through 
4ns, X - y + 3 = O: 19x + lly - 63 = 0 


8. Find the points on the hyperbola 
to the line 4x+5y-2 = 0. 


-2y"- 


8 = 0 
4ns. 


at which the tangents are perpendicular 
10 4 / 34 . . -10/3? - 4 /^. 


( 


17 


17 


). ( 


17 


17 


) 
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9. Find the slope of the curve y* - + 2x^ at (xi.yi) 


A M ^ + 4xi 

Ans» lim r = — - - - 

« 2yi 


10. Find the equations of the tangent and normal to the curve in the preceding problem at 
the point (2>-4)« 5x + 2y - 2 = O; 2x - 5y - 24 = 0 


11. (a) Find the lengths of the subtangent and subnormal at the point (2»“4) on the curve 

y2 = + 2x*. Ans, -8/5, 10 

4 7— 

(b) Find the lengths of the tangent and normal. Ans, —-— » 2/29 

12. Find the equation of the tangents to the hyperbola 2xy + y^ - 8 = 0 which have the slope 
m = -2/3. Ans. 2x + 3y - 8 = O; 2x + 3y + 8 = 0 

13. Find the equations of the tangent and normal, and the lengths of the subtangent and sub¬ 
normal to the curve y* - 6y - 8x - 31 = 0 at the point (-3,-1). 

Ans. x + y + 4=0; x — y+2 = 0: —1,1 

14. Find the slope of the tangent to the curve 4x^ - 12xy + 9y^ - 2x+3y-6 = 0 at any 
point (xi.yi) on the curve. Ans. n - 2/3. Interpret your answer. 

15. Find the equations of the tangents to the curve 4x^-2y^ - 3xy + 2x - 3y - 10 = 0 which 
are parallel to the line x - y + 5 =0. Ans. x - y - 1 = O: 41x - 41y + 39 = 0 

16. Find the equations of the tangents to the hyperbola xy = 2 which are perpendicular to 

the line x - 2y = 7. Ans^ 2x + y- 4 = 0: 2x + y+ 4 = 0 

17. At what points on the ellipse x^ + xy + y^ - 3 = 0 are the tangents parallel to the 

X-axis? parallel to the y-axis? Ans. (1,-2). (-1,2): (2,-1), (-2,1) 

18. At what points on the curve x^ - 2xy + y + 1 = 0 are the tangents parallel to the line 
2x + y = 5. Ans. (1,2) and (0,-1) 

19. Find the equations of the lines through the point (5,6) which are tangent to the parabola 

y2 = 4 ^, ^ns. x-y+l=0: x-5y+25=0 

20. Show that the tangents to the parabola y^ = 4ax at the ends of the latus rectum are per¬ 
pendicular, that is, show that the slopes are±l. 

21. Find the equations of the tangent and normal to the parabola x^ = 5y at the point whose 

abscissa is 3. Ans, 6x - 5y - 9 = O; 25x + 30y - 129 = 0 

22. Show that the equations of tangents of slope m for the parabola y^ = 4ax are 

a i 

y = mx + — » (m ^ 0)* 


23. Show that the equations of tangents of slope m for the circle x^ + y^ = are 

y = mx ± + 1. 

24. Show that the equations of tangents of slope m for the hyperbola b^x^ - ~ are 

y = »x ± /oV-b^, and for b^x^ - = -a%^ are y = mx ± /b^-a^m^, 

25. Find the equations of the tangents to the ellipse 5x^ + 7y^ = 35 which are perpendicular 
to the line 3x + 4y - 12 = 0. Ans, 3y = 4x ± /157 

26. Find the equations of the tangentsto the hyperbola I6x^ - 9y^ = 144 which are parallel 
to the line 4x - y - 14 = 0. Ans, y = 4x ± 8/2 
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27. The parabola = 4ax passes through the point (-8,4). Find the equation of the tangent 
to this parabola which is parallel to the line 3* + 2y - 6 = 0. /Ins. 9x + 6y = 2 

28. Find the equation of the tangent to the curve + y^ = 3aa:y at the point Pi(xi,yi). 

Ans. (yl - axi)y + (xj - ayi)x = axj^y^ 

29. Find the value of 6 if the line y = mx +6 is tangent to the parabola = 4ay. 

i4ns. 6 = —am^ 


30. Using the result in Problem 29, find the equation of the tangent to the parabola = -2y 
which is parallel to the line a: - 2y - 4 = 0. -4ns. 4x - 8y + 1=0 


31. Find the equation of the diameter of the hyperbola x^ - 4y^ 

(а) of slope 4. 

(б) parallel to 3x - 5y - 2 = 0. 

(c) parallel to the tangent at (5,2). 

(d) parallel to the asymptote with a positive slope. 


9 which bisects chords: 
4ns. X - 16y = 0 
4ns. 5x - 12y = 0 
4ns. 2x - 5y = 0 
4ns. X - 2y = 0 


32. Find the equation of the diameter conjugate to the diameter x 
4ns. 4x - y = 0 


16y = 0 in Problem 31(a). 


33. Find the equation of the diameter of the ellipse 9x^+ 25y^= 225 bisecting chords having 
slope 3. 4ns. 3x + 25y * 0 


34. Find the equation of the diameter of the parabola y^ * 8x bisecting chords having slope 
2/Z» 4ns. y = 6 


35. Find the equation of the diameter of the ellipse x^ + 4y^ = 4 conjugate to the diameter 
y = 3x. 4ns. x + 12y = 0 

36. Find the equation of the diameter of the conic xy + 2y^-4x-2y + 6 = 0 bisecting chords 
which have slope 2/3. 4ns. 2x + lly = 16 

37. Find the diameter of the conic x^—3xy —2y^—x — 2y — 1 = 0 bisecting chords of slope 
3. 4ns. 7x + 15y +7 = 0 

38. Find the equation of the diameter of the ellipse 4x^ + 5y^ = 20 which bisects chords: 

(а) of slope -Z/3. Ans. 6x - 5y = 0 

(б) parallel to the line 3x - 5y = 6. 4ns. 4x + 3y = 0 

39. Find the equation of the diameter of the hyperbola xy = 16 which bisects chords parallel 

to the line x + y=l. >lns.y = x 


CHAPTER 11 


Higher Plane Curves 


HIGHER PLANE CURVES. An algebraic curve is one which can be representea oy a 
polynomial in x and y set equal to zero. Curves whose equations cannot be 
so represented, as for example y = sin x. y = e^, y = log x, are called 


transcendental curves* 

Algebraic curves of higher degree than the second and transcendental 

curves are called higher plane curves* 

See Chapter 2 for discussion of intercepts, symmetry, and extent of a 


curve. 


# 

SOLVED PROBLEMS 



Plot the curve - 1)(* - SXi - 4). 

This curve is symmetric with respect to the *-axis, since the equation remains unchanged 
*'’^Its *!inteicepts*'are^’l, 3, 4. When x = 0. y" = -12: hence the curve does not intersect 


the y-axis. 

For X < 1 each factor in the right member is negative and y is imaginary. 

For 1 S * S 3, y is real. For 3 < x < 4. y^ is negative and hence y is imaginary. 

For X I 4. is positive and y is real and increases numerically without limit as i 

increases without limit. 

Form a table of values to determine points on the curve. y = ± /(x - 1)(x - 3)(x-4). 


X 

1 

1.5 

2 

2.5 

3 

4 

4.5 

5 

5.5 

6 

y 

0 

±1.37l 

±1.41 

±1.06 

0 

0 

±1.62 

±2.83 

±4.11 

±5.48 



Problem 1* 



2. Plot the curve 


x^y 


- 2 x^ - I6y = 0 


SvilI^frC!*’Thrcur^e“is*sym^etrL Lout the ^axis. since the equation remains unchanged 
whenL, is^substituted for *. It is not symmetric about the x-axis or the origin. 
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Solving for y and x, we find (1) y 


2x^ = 

x2 - 16 (X - 4)(x + 4) 


and (2) x 



From (1) we see that y becomes infinite as * approaches the values 4 and -4 through 
values both greater and smaller than 4 and -4. No values of x are excluded. 

Prom (2). values of 0<y<2 must be excluded. As y approaches 2 through values greater 
than 2. x becomes infinite. 

The lines x - and y - 2 are asymptotes. 


X 

0 

1 

±1 

±2 

±3 

±4 

±5 

±6 

±7 

±8 

±00 

y 

0 

-.13 

-.67 

-2.6 

±00 

5.6 

3.6 

3.0 

2.7 

2 


3. 


Sketch the curve x^ - x^y + y = o. 


3 


Solving for y, y = 


x2 . 1 


For X = ±1, y becomes infinite; hence x = 1 and 
X = -1 are vertical asymptotes. 

_5 


Express y * 


as y = X + 


2 . "5 T 

X - 1 X - \ 


As X in¬ 


creases without limit, y increases without limit and 


the fraction 


x^ - 1 


^preaches zero. Hence the curve 



approaches the line y = z as an asymptote. For z > 1 
one branch of the curve lies above the line y * z; 
for z<-l another branch lies below y = z. 

The curve passes through the origin and is sym¬ 
metric about the origin. A few values of z and y are shown in the table below. 


X 

±1/2 

0 

±1 

±1.5 

±2 

±2.5 

±3 

±4 

y 

Tl/6 

1 

0 

QO 

±2.7 

±2. 67 

±3.0 

±3.4 

±4.3 


This curve can also be drawn by the method of addition of ordinates. To do this, let 


y^ = X and yg = 


x^ - 1 


. Draw the graphs of these two equations on the same set of axes 


and add the ordinates y^ and y^ corresponding to the same abscissas 


4. Plot the ellipse 2z^ + 2xy + y^ - 1 = 0 by the ad¬ 
dition of ordinates. 


Solving for y. 


y = 


. -2x ± /4x^ -8x^ + 4 


= - X ± 


/in? 


Draw the line y^ = -x and the circle y^ - ± -x^ 
or x^ + y| = 1. The resulting ellipse is symmetric 
with respect to the origin. 
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5* 7^ 7Vigono*ctric Function. Plot the graph of y » sin x. 

Express the angle x in terms of radians, (n radians = 180*^.) 


* 

0 






±Tl 






±2i 

sin * 

0 

±.5 

±.87 

±1 

±.87 

±.5 ! 

0 

+ -5 

+ .87 

+ 1 

If .87 

+ *5 

0 


Since the values of sin* repeat themselves, sin* is a periodic function with period 
2Tt; therefore the graph of y = sin * is exactly similar in any interval of 2n radians. 
Since sin (-*) = - sin *, the graph is symmetric with respect to the origin. No value of 
* is excluded, but the curve lies between y - 1 and y » > 1 . 



The graph of y = cos * may be obtained as in the case of y = sin* by plotting points. 
See the dash line graph in the figure above. 


* 

0 





^ 511 

6 

±Tl 

H- 

H- 

^ 3n 

2 

^ 5n 

3 

±2TC 

cos X 

1 

00 

• 

.5 

0 

-.5 

- .87 

-1 

CO 

1 

- .5 


.5 

1 


Since cos * = sin (* + 7i/2), any point on the cosine curve has the same ordinate as 
any point on the sine curve n/2 units farther to the right. Since cos (-*) » cos *, the 
graph is symmetric about the vertical axis. 


6. Plot the graph of y « sin 3*. 

Since sin * goes through its entire set of 
values while * varies from O to 2 ti, the func¬ 
tion sin nx (where n is any constant) goes 
through its entire set of values while nx varies 
from 0 to 2n or while * varies from 0 to 2Ti/n. 

Here n = 3; hence the period of sin 3* is 
2n/3. 

The curve is symmetric about the origin. 

The range of y is -1 i y ^ 1, and no value 
of * is excluded. 


* 

0 

K 

6 

71 

3 

71 

2 

271 

3 

571 

6 

71 

sin 3* 

0 

1 

0 

-1 

0 

1 

0 
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7* Plot the graph of y = tanx. 

Since tan (-x) = - tanx, the curve is symmetric about the origin. 

The period of the function is rc. 

The value of the function is infinite when x is an odd multiple of n/2, andthe curve 
passes through all values of y between x = -n/2 and 7i/2. No value of x or y is excluded. 



tan X 


Tl 

“ 2 

K 

~ 4 

n 

“ 6 

0 

n 

6 

CD 

-1 

-.58 

0 

.58 



Problem 7. 


Problem 8> 


8. Plot the graph of y = sec x. 

Since sec (-x) = sec x, the curve is symmetric about the y-axis. 

The period of the function is 2k* 

Since sec x = l/cos x, the values of sec x can easily be found from a table for cos x 
Since the range of cos x is -1 to +1, the range of sec x is all values from -co to - 
and from 1 to + oo, 


X 

0 

3 

1+ 

Ml ^ 


in 

sec X 

1 

2 

GO 

1 

-2 

- 1 


9- Plot the graph of y = sin x + sin 3x. Use the method of addition of ordinates. 


sin X 
sin 3x 


sin X 


sin 3x 


1 

-1 



-.5 - 



11 ^ 

3 


-.87 


0 


5K 

6 






/ \ 




o 5\J /i 

yj=sin3X^ V/ 

y,= sinr '^ysinX+sinSx 
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10* The Exponential Function, ' Plot the graph of y = a , where a is any positive constant 
greater than unity. 

X 

For definiteness, let a = 5. Then the equation becomes y - 5 * 

For X = 0, y = 5^ = 1. As x increases in value, y increases. For negative values of 
*, 5*^ is positive but decreasing in value. Hence the curve lies entirely above the x-axis. 

The curve is not symmetrical with respect to either axis ortheorigin. For negative 
values of x, as x increases numerically the curve approaches the negative x-axis as an 
asymptote. 



Problem 10* Problem il. 


11. Plot the graph of y = e . 

The quantity e - 2.718 is the base of the natural or Naperian logarithms. 



The graph of y * c” shown in the figure above may be described as the reflection in 
the y-axis of the curve y = 

2 

12. Discuss the equation and sketch the graph of y = e , the probability curve. 

The intercept on the y-axis is unity. There is no x-intercept. 

The curve is symmetrical with respect to the y-axis. The 



13* The Logarithmic Function, 

The locus of the equation y = log^ x. called the logarithmic curve, differs from the 
locus of y a only in its relation to the axes. In fact both equations can be written 
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in exponential form or logarithmic form. Let 
a = 10 and plot the graph of 

y = log^o X, (or X = 10^). 

Since X cannot have negative values, the 
curve will be entirely to the right of the 
y-axis. For positive values of x<l, y will 
be negative. For x = l, y=0. Asx increases 
in value y will increase. There is no sym¬ 
metry, The negative y-axis is an asymptote. 



X 

. 1 

.5 

1 

1 

2 

3 

4 

5 

10 

y 

-1 

-.30 

0 

.30 

CO 

• 

.60 

.70 

1 


2 

14. Discuss and plot the graph of y = log^ (x -9). 

Ify = 0, logg(x^-9)=0, orx^-9= 1, and 
X - ±/T0. The curve does not cross the y-axis. 


For |xl <3. y is imaginary. If |x| > /lO, y 
is positive. For 3< \x\< /lO. y is negative. The 
lines X = ±3 are asymptotes. 


The curve is symmetrical about the y-axis. 


X 

± 3.1 

1+ 

CO 

• 

to 

±3.5 

±4 

+ 5 

±6 

y 

-.49 

0.22 

1.18 

1.95 

2. 77 

3.29 



15 . Parametric Equations, It is sometimes advantageous to express x and y each in terms of 
a third variable. The third variable is called a parameter. The two equations expressing 
X and y in terms of the parameter are called parametric equations. By giving successive 
values to the parameter, successive pairs of values of x and y are determined. These 
points when plotted are joined by a smooth curve which represents the locus of the par¬ 
ametric equations. 


Plot the curve x = 2t, 


^ = 7 


f 

± 1/4 

± 1/2 

± 1 

±2 

±3 

±4 

X 

± 1/2 

±1 

±2 

±4 

±6 

±8 

y 

±8 

±4 

±2 

±1 ' 

±2/3 

±1/2 


The curve is symmetric about the origin. The 
X- and y-axes are asymptotes. 

If we eliminate the parameter t, we obtain 
the rectangular equation of the curve, xy = 4. 

This is the equation of an equilateral or rec¬ 
tangular hyperbola with the coordinate axes as asymptotes. 

To eliminate the parameter t, substitute t = - in y - j fo 8®^ y 



2 
x/2 


or xy = 4 . 
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l6. Plot the curve whose parametric equations are x 








t 

-3 

-2 

-1 

0 

1 

2 

3 

X 

4.5 

2 

0.5 

0 

0.5 

2 

4.5 

y 

-6.75 

-2 

-0. 25 

0 

0.25 

2 

6.75 


Eliminating t, the rectangular equation of the curve 
is 2y^ = x^, the semicubical parabola. The curve is sym¬ 
metric about the x-axis. 

To eliminate the parameter t: 

Prom X = or 2x = we get (2x)^ = (t^)’ . 

Prom y = or 4y = f’. we get (4y/ = 

Then (2x)’ = = (4y)^. or x^ = 2y^. 



17 . Plot the curve whose parametric equations are x = t + 1, y = t(f + 4). 


t 

-5 

-4 

-3 

-2 

-1 

0 

1 

2 

X 

-4 

-3 

-2 

-1 

0 

1 

2 

3 

y 

5 

0 

-3 

-4 

-3 

0 

5 

12 


2 

When the parameter f is eliminated the rectangular equation obtained is y = x +2x-3. 
a parabola. 




18. Plot the curve whose parametric equations are x = 2 cos 0, y = 4 sin 0. 



2 2 

If the parameter 0 is eliminated, the rectangular equation is — + — = 1 , an ellipse. 

To eliminate the parameter 0: 22 

cos 0 s i and sin 0 « 2^. Hence cos*0 + sin^0 * 1 * ^ + 77 • 

2 4 4 16 
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If a projectile is fired at an angle 0 with the horizontal with an initial speed its 
position at any time t is given by a: = (Vq cos0)f. y = (Vq sin0)t - igf^, where g is 
usually taken as 32 ft/sec^, x and y are expressed in feet and t in seconds. 

If 0 s arc cos 3/5 and Vq =120 ft/sec, plot 
the path of the projectile. 


Since sin 0 = - , 

o 


we have 


X = 72f, 
y = 96f - 16t^. 


t 

0 

1 

1 

2 

3 

4 

5 

6 

X 

0 

72 

144 

216 

288 

360 

432 

y 

0 

80 

128 

144 

128 

80 

0 


4x X 

Eliminating t, we have y =-, a 

3 324 



parabola with a vertical axis of symmetry. The maximum height is 144 feet, and the range 
X = 432 feet. 


20. Discuss and plot the curve whose parametric equations are 


X = 


2at 


y *= 


2at 


5 


+ 1 


+ 1 


When t = 0, X = 0 and y = 0. For all values of t, positive 
or negative, x is positive or zero; but y is positive for t > 0 
and negative for t < 0. The curve is symmetric about the x-axis. 

2 

If we write x = — = 2a - -^2— > it is seen that as 

t + 1 + 1 

t increases numerically without limit, x approaches the value 2a, 
but y increases numerically without limit. Hence x = 2a is a 
vertical asymptote. 


t 

0 

, ±1 

±2 

±3 

±4 

X 

0 

a 

1.6a 

1.8a 

1.9a 

y 

0 

± a 

±3. 2a 

1 

±5.4a 

±7.5a 


Eliminating t, the rectangular form of this equation is y^(2a 
of Diodes. 



21. Discuss and plot the graph of the curve 

X - a cos^0, y = a sin^0. 

Since cos (-0) = cos 0, while sin (-0) = - sin 0, this 
curve is symmetric about the x-axis. Since sin ( 180° - 0) 
= sin 0, but cos ( 180° - 0) = — cos 0, this curve is sym¬ 
metric about the y-axis. Since the numerical value of the 
sine and cosine is never greater than unity, 

-a < X < a, and -a < y < a. 


0 

0° 

30° 

60° 

90° 

120° 

150° 

180° 

X 

a 

.65a 

1 

. 13a 

0 

13a 

-.65a 

-a 

y 

0 

. 13a 

.65a 

a 

.65a 

. 13a 

0 
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When 0 is eliminated the rectangular equation of this curve is x + y = a , the hy- 
pocycloid of four cusps. 

To eliminate the parameter 0: 

(x/a)^^ + (y/a)^^ = (cos^0)^^^ + (sin’S)^^ = cos^0 + sin^0 = 1, or ^ y^^^ = 


22. Discuss and plot the graph of the curve 

X - a(0 - sin 0), 
y = a(l ~ cos 0). 

When 0 = 0» x = 0, y = 0. 

Vthen 0 = 180°, x = no, y = 2a. 

When 0 = 360°, x = 27la. y = 0. 




the 

a 


When 0 is eliminated, the equation of this curve is x = a cos 
cycloid. 

To eliminate the parameter 0: 

From y = a(l - cos 0) obtain cos 0 = ° ~ - • Then 0 = cos ^ ° ^- and sin 0 = 
Substituting in x = a0 - a sin 0, we have x = a cos"^ - /2ay - y^. 


/2ay - y^ 


23 . Change the following equation into parametric equations: x^ + 3xy + 3y^ - ax = 0. 
Let y = fx. Then x^ + 3x^t + 3x^t^ - ax = 0. 

Dividing through by x, we obtain x + 3xf + - a = 0. 

a . 

Solving for x, x = — - -- y - tx ~ — - -- 

3t^ + 3t + 1 + 3t + 1 


SUPPLEMENTARY PROBLEMS 


In each of Problems 1-14, discuss the given equation and draw the curve. 


1. 

(y ■ 

- 4)x 

- 9y 

s 0 

9. 

y = 

2. 

y = 

(x + 

l)(x 4 

• 2)(x - 2) 



3. 

y^ = 

(x + 

1) (X 

+ 2)(x - 2) 

10. 

2 

y = 

4. 

y^(4 

- x) 

5 

= X • 

Cissoid. 


f\ 






11. 

4x 

5* 

x^ - 

x^y 

+ 4y = 

= 0 


X 

6. 

x^y 

- 3x^ 

- 9y 

= 0 

12. 

x’ H 

A 

7. 

x^y 

+ 4y 

- 8 = 

0. Witch of Agnesi. 

13. 

z 

xy 

8. 

x2 + 

2xy 

- 4 + 

11 

0 

• 

14. 

2/5 

X 


x2-4 


X - 3x - 4 
X - 4 

*2 + 2x - 8 


2 

» 

2 


Strophoid. 


+ Hypocycloid of four cusps 
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In each of Problems 15-22, draw the graph of the given equation. 
15. y - 2 sin 3x 18. y = cos {% - V4) 21. y 


16. y - 2 sin x/2 

17. y - tan 2x 


19. y = 2 sec x/2 

20. y = cot (x + Ti/3) 


22. y = 


3 cos ^(x -1) 

I CSC 3x 


In each of Problems 23-28, draw the graph of the given equation. 

23. y - arc sin x 25. y = 3 arc cos x/3 27. y = arc csc 2x 

24. y = 2 arc tan 2x 26. y = arc sec x 28. y = arc cot x/2 


In each of Problems 29-35, draw the graph of the given equation. 


29. y = 

31. y = 10 

33. y = loSio - 16 

30. y = 4‘* 

32. y = logg (3 + X) 

34. y = logg /27 - x5 


35. y = 


X •% 

e + e 


Catenary. 


In each of Problems 36-49, draw the graph of the given equation by the method of com 
pounding ordinates. In Problems 46, 47, 48, show the boundary curves. 


36. Ax^ - 4xy + - X = 0 

37. x^ - 2xy + y^ + X - 1 = 0 

38. 3x^ — 2xy + y^ — 5x + 4y + 3 

39. x^ + 2xy + y^ — 4x — 2y = 0 

40. 2x^ + _ 2xy - 4 = 0 

41. y = 2 cos X + sin 2x 

42. y = + x^ 


= 0 


43. y = x/2 + cos 2x 

44. y 

45. y 

46. y 

47. y 

48. y 

49. y 


-X , _ x/2 
e + 2e 


sin 2x + 2 cos x 

X sin X 

-x/2 Tlx 

e cos — 

X€ 


TU 


= X - sin 


In each of Problems 50-55, find parametric equations. Use the value given for x or y 


50. 

X - xy = 2, y = 1 - t. 

Ans. 

X 

-f. y- 1 

-1 

51. 

x^ - 4y^ = X - K sec 0, 

Ans. 

X 

= A sec 0, 

K tan 0 
^ = 2 

52. 

x^ + y^ = 6xy, y = tx. 

Ans. 


6t 

6f^ 

X 

1 + 

^ 1 + 

53. 

x^ - 2xy + 2y^ = 2a^, x = 2a cos t. 

Ans, 

X 

= 2a cos t. 

y - a(COS t ± 

54. 

2 2 2 t 

xy+6y-ax = 0 , x = 6 cot - • 

2 

Ans, 

X 

= b cot ~ • 

y-^sint 

55. 

x*^’ . y^’ = . y = a sln’o. 

Ans. 

X 

s a cos^G, 

y = a sin^G 


In each of Problems 56-59, eliminate the parameter and obtain the rectangular equation 


56. X = a sec 6, y ~ h tan 6. 

57. X = 2 cos G - 1, y = 3 sin 0-2. 

58. X = 5 cos t, y = cos 2t, 


59. 


X - 


3am 


1 + m 


5 


y = 


3am 


1 + m 


2 2 

Afis • ^ 

a b 

(X + 1)^ ^ (y = 1 

^n5• - ^ ^ g ^ 

i4ns. y = 8x^ - 1 
Ans, x^ + y^ = 3axy 
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60. A projectile is fired from a point A with an initial velocity of 3000 ft/sec at an angle 
of 35® with the horizontal. Find to three significant figures the horizontal distance 
from A to the point B where the projectile hits the ground, and the time taken. 

Ans. 264.000 ft. 108 sec 

61. At what angle must a gun be elevated to strike a target on the ground 7500/3 yards dis¬ 
tant if the muzzle velocity of the gun is 1200 ft/sec? What is the time of flight? 

Arw. 30°. 37.5 sec 

62. A projectile is shot at an angle of elevation of 60° and with an initial velocity of 2500 
ft/sec. Find the range and the maximum height the projectile attains. 

Ans, 169,000 ft, 73,200 ft 


Plot the curve of each of the parametric equations in Problems 63-70. 

63. X = 4 cos t, y = 4 sin f. 67. x = ^ ^ ^ . y = ^ ^ . 

64. X = t + i. y = t - i . 68. x = l + y = 4f - t’. 

65. X = + 2, y = - 1. 69. x = sin t + cos t, y = cos 2t. 

66- X = 4 tan 0, y = 4 sec 0. 70. x = 0 - sin 0, y = i - cos 0. 

71. Plot the curve whose parametric equations are x = 8 cos^O, y = 8 sin^0. 

6t 6f^ 

72. Plot the curve whose parametric equations are x * - - » y = -? • 

1 + 1 + 

73. Plot the graph of the curve whose parametric equations are x = 4 tan 0, y = 4 cos 0, 


74. Plot the curve whose parametric equations are x = 4 sin 0, y = 4 tan 0(1 + sin 6). 



CHAPTER 12 


Introduction to Solid Analytic Geometry 


CARTESIAN COORDINATES. In plane analytic geometry the position of any point in 
the plane was determined in terms of its perpendicular distances from two 
intersecting lines, usually perpendicular. In solid analytic geometry one 
method of locating a point in space is in terms of its perpendicular dis¬ 
tances from three mutually perpendicular planes. These planes are called 
coordinate planes, and the three perpendicular distances are called the 
coordinates of the point. 

The lines of intersection of these coordinate planes are the three 
axes OX, OY and OZ, called the coordinate axes, with positive directions 
shown by arrows. The coordinate planes 
divide all space into eight parts called 
octants, numbered as follows: Number I 
is the octant whose bounding edges are 
the positive directions of the three co¬ 
ordinate axes; then II, ill and IV lie 
above the xy-plane in counter-clockwise 
order about OZ. Numbers V, VI, VII and 
VIII lie below the xy-plane, number V 
lying under number I. 

In the figure the distances SP, QP and 
A'P are respectively the x, y and z co¬ 
ordinates of the point P, and the point 
is denoted by (x,y,z) or P(x,y,z), 

The distance OP of the point P from the origin 0 is 

OP = + ivp^ = /x^ + y^ + z^. 

Hence if OP = p, then = x^ + y^ + z^. 



DIRECTION ANGLES AND DIRECTION COSINES. 

Let the angles between OP and OX, OY,OZ be respectively a, 3. Y* Then, 

X = p cos a, y = p cos 3* z = p cos y» 

Squaring these relations and adding, 

x^ + y^ + = p2 = p2 cos^a + p^ cos^3 + cos^Y. 


or 



cos^a + cos^3 


+ COS^Y* 


We have also the relations cos a = - . cos 3 = ^ » cos Y - - • 

p P P 

or cos a = - ^ - , cos P = _ ^ - . cos y = — - • 

AAT^ AW77^ 

The angles a, 3» Y of the line OP are called the direction angles of 
OP, and the cosines of these angles are called the direction cosines of OP. 


INTRODUCTION TO SOLID ANALYTIC GEOMETRY 



If a line does not pass through the origin 0, then its direction angles 
a, 0, Y ^re the angles between the axes and a line drawn through 0 par¬ 
allel to the given line and having the same direction. 


DIRECTION NUMBERS. Any three numbers a, b and c proportional to the direction 
cosines of a line are called direction numbers of the line. To find the 
direction cosines of a line whose direction numbers a, 6 and c are known, 

divide the numbers by ± /a^ +6^+ c^. Use the sign in front of the radi¬ 
cal which will cause the resulting direction cosines to have the proper 
sign. 


DISTANCE BETWEEN TWO POINTS. The distance between 
any two points and 

is 

d = /(Xg-Xif + + (Za-Zjf . 

DIRECTION OP A LINE. The direction cosines of 


are 

/V — 


Xg- Xj 





+ 

(y2-yi)^ 

+ 

(Zj- Zi)2 

cos 

p - 


y2-yi 



/(X 2 -Xi)2 

+ 

(y2-yi)^ 

+ 

(Z 2 - 

cos 

Y " 


Zg- Zi 



/(X2-Xi)2 

+ 


+ 

(Zg- Zi)2 



POINT OP DIVISION. If the point P(x,y,z) divides the line from Pi (x^ .y^ ,Zj^) 

D D 


P P r 

to PsCxj.yj.Zj) in the ratio ^ = r • then 


X = 


- 


+ rx 


1 + r 


1 + r 


z, + rz^ 
z = —i- - 


1 + r 


ANGLE BEH’WEEN TWO LINES. The angle between two 
lines that do not meet is defined as the 
angle between two intersecting lines, each 
of which is parallel to one of the given 
lines. 

Let OPj and OP^ be two lines through the 
origin parallel to the two given lines, and 
let 0 be the angle between the lines. By 


the cosine law, cos 0 = 


2 

P2 


4 

- d 


Now pj = Xj + yi + Zi, 


2 

P2 


2 pip2 

2 2 

= X 2 + ^ 


2 I 



and d^ = 
cos 0 = 


(Xa -Xi)® + (ya -yi/ + (^2 - Zi)^ 


Substituting and simplifying, 


XiX^ + y^yg ^ 


Z. Zg 


plp 
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But ^ = cos a^, — = cos as* etc. Hence 

Pi P2 

cos 0 = cos tti cos as + cos cos 02 + cos Yi cos Y2 • 

If the two lines are parallel, cos 0=1 and hence 

” 02 * Yl “ Y2* 

If the two lines are perpendicular, cos 0=0 and hence 

cos ai cos tts + cos 3 i cos 02 + cos Yi cos Y2 = 0 . 

SOLVED PROBLEMS 

1. Plot the following points and find the distance of each from the origin and their perpen¬ 
dicular distances from the axes; 4(6,2,3), B(8,“2,4). 



2, Find the distance between the points Pi(5,-2,3) and P 2 (-4,3,7). 

d = /(^2 + ( 22 -^ 1 )^ = /(-4 -5)^ + (3 + 2)^ + (7-3)^ = vT^ 

3 . Find the direction cosines and the direction angles of the line drawn from the origin to 
the point (-6,2,3), 
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4. Prove that the geometrical center or centroid or center of area, i.e., the intersection 
of the medians, of any triangle A(x^,y^,z^), B(x 2 ,y 2 , 22 ), Cix^^y^^z^) is 


+ Zt + 2g +23 ^ 


The medians of the triangle ABC intersect in a 

AP RP CP 9 

point P(x,y,z) such that = 

PD PF PE I 

The coordinates of the point D are 

.xg + xg ya + ya + 

( ■■ * ——, ■ ) • 

'2 2 2 

Then the coordinates of point P, which divides 

AP 2 

AD in the ratio r * — * _ , are 

PD 1 



X = 


. *1 + 


Xg + Xg 


1 + r 


Z=z> = £i±i2jLia. Similarly, y = 31±2l±Z2 , . = 


5 . Find the direction cosines and direction angles of a line directed upward if its direction 
numbers are 2, --3, 6* 


cos a s 


^ - = 2, a = 73°24'. cos 0 = -;2, 3 = 115 ° 23'. cos y = | • Y = 31°. 

/4 + 9 + 36 7 7 7 


6. Show that the lines 4(5,2,-3) toB(6,1.4), and C(-3,-2,-1) to f)(-l,-4,13), are parallel. 

The direction numbers of AB are 6-5, 1-2, 4+3, or 1, - 1 , 7 . 

The direction numbers of CD are -1+3, -4+2, 13+1, or 2, -2, 14. 

If two lines whose direction numbers are a,b,c and a',b',c' areparallel, -^ = ^ = -L . 

a o c 

2 —2 14 

Hence since - * — = -- » these two lines are parallel. 

1-17 


7 . Show that the lines 4B and BC are perpendicular to each other. 4<-ll,8,4), B(-l,-7,-l), 
C(9,-2,4). 

The direction numbers of AB are -1+11, -7-8, -1-4, or 10, -15, -5, or 2, -3, -1. 

The direction numbers of BC are 9+1, -2+7, 4+1, or 10, 5, 5, or 2, 1, 1. 

If two lines whose direction numbers are a,6,c and a',b\c' are perpendicular, then 
aa' + 66' + cc' = 0. Substituting, (2)(2) + (-3)(1) + (-1)(1) = 0. Hence the lines AB 
and BC are perpendicular. 

8. Find the angle 6 between the lines A(-3,2.4), B(2,5,-2) and 0(1,-2,2), D(4.2,3). 


The direction numbers of AB 

are 2 + 3, 5-2, -2-4, or 

5, 3, —6. 


The direction numbers of CD 

are 4 - 1, 2 + 2, 3 - 2, or 

3, 4. 1. 


The direction cosines of AB are 

5 5 

cos a ~ - = — , 

cos 3 = -2-» 

-6 

cos Y * - 


/25 + 9 + 36 /to 

/to 

/TO 

The direction cosines of CD are 

cos di = - - - = -2- . 

A 

cos 3i = — • 

1 

cos Yi * - 


/9 + 16 + 1 /M 

/26 

/TO 
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Then cos 0 


cos a cos tti + cos 3 cos3i + cosy cos Yi 

_5 -L + - i -5-L = 0.49225, and 0 = 60°30.7'. 

/to /^ /to /^ /to /26 



Find the interior angles of the triangle whose 
vertices are 4(3,-1,4), B(l,2,-4), C(-3.2,l). 


Direction cosines of AB = ( 


-2 


-8 


/77 /77 /77 


) 


•4 5 

Direction cosines of BC = (-• 0 i -) 

/il /4T 


-2 1 —1 

Direction cosines of AC - ( — » — • — ) . 

/6 /6 /6 


Note. The direction cosines of a line AB 
are the negative of the direction cosines of 
BA. 



cos 4 = —^ 

/ff 

-2 

'/6 

^ 3 

/77 

A 

/6 

+ —• 

/TO 

-1 

/6 

15 

/4^ 

4 = 45°44.7'. 

cos B - - ^ 

-4 

-3 

. 0 

8 

5 

32 

B *= 55°16.9'. 

/ff 

/ 4 I 

/TO 

/TO 

/4T 

/nro 

cos C = 

/ 4 I 

2 

'/6 

+ 0 + 

-5 

/il 

1 

‘/6 

3 

/^ 

c = 

78°58.4'. 4 + B + C = 180 


10. Find the area of the triangle in Problem 9. 

From trigonometry, if two sides and the included angle of a triangle are known, say 
the sides 6, c and angle A, then area = ^bc sin 4. 

Length of 4B or c = /77, of 4C or 6 = 3 / 6 . 

Hence, area = i(3/6) (/77) sin 45^44.7' = 23.1 square units. 

11. Find the equation of the locus of a point at a distance r units from point (*o,yo»^o)« 

/ (x -x^f + (y-yof + <z = r or (x ~xof + O -yof * 

equation of a sphere with its center at (*o*yo»^o) radius r. 

The general form of the equation of a sphere is ^ dx + ey + fz + g = 0. 

12. Find the equation of the sphere with its center at (2,-2,3) and tangent to the XY plane. 

Since the sphere is tangent to the XY plane its radius is 3. Hence, 

v/(Je -2)^ + (y + 2)^ + (z -3)^ = 3 . Squaring and simplifying, - 4x + 4y - 62 + 8 = 0. 

2 2 3 

13 . Find the coordinates of the center and radius of the sphere x +y + z -6x + 4y-8z = 7. 

332 

Completing the square, x - 6 x + 9 + y + 4 y +4 + 2 -82 + 16 = 36 

or (X - 3)^ + (y + 2)^ + (2 - 4)^ = 


36 . 
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Comparing with {x-xq^ + + (^-Zo/ 

(3*~2*4) and the radius is 6. 


= r 


we find that the center is point 


14* Find the equation of the locus of a point twice as far from (2,-3,4) as from (-i,2,-2). 
Let P(x,y,z) be any point on the locus. Then 

Ax-2f + (y + 3/ + (2 -4)^ = 2 /(x + l)^ + (y-2)^ + (z + 2)1 

Squaring and simplifying, 3x^+3y*+3z^+ 12x-22y + 242 + 7 = 0, a sphere with center 
(-2, -4) and radius r = |/TO. 

o o 


15# Find the equation of the perpendicular bisector of the line joining the points (2,-1,3) 
and (-4,2,2). 

Let Pix,y,z) be any point on the locus. Then 

/(x+4)® + (y-2)^ + (z-2)^ = /(X -2)^ + (y + 1)^ + (2 - 3)^ . 

Squaring and simplifying, 6x - 3y + z + 5 = 0. This is the equation of a plane 
every point of which is equidistant from the two given points. The plane cuts the axes 
in the points (-5/6, 0.0), (0, 5/3,0) and (0,0,-5), and cuts the line at (-1. 1/2, 5/2). 




Problem i5. Problem 16* 


l6. Find the equation of the locus of a point the sum of whose distances from (0,3,0) and 
(0,-3,0) is 10. 

Let P(x,y,z) be any point on the locus. Then FP + PF' - 10, or 


/(x-0)^ + (y-3)^ + (2-0)^ + /(x-0)^ + (y + 3)^ + (2-0)^ = 10. 

Transpose one radical and square both members of the equation and collect terms. 

This gives 3y + 25 = + 6y + 9 + z^. 

Squaring and simplifying, 25x^ + 16y^ + 25z^ = 400, an ellipsoid with center at origin. 


17* Find the equation of the locus of a point the difference of whose distances from (4,0,0) 
and (-4,0,0) is 6. 




no 
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Let (x,y,z) be any point on the locus. Then 

/(X -4)^ + (y-of + (z -0)^ - /(x + 4)^ + (y-of + ( 2 - 0 )^ = 6, 

or /(x^ - 8 x + 16 + + 2 ^ = 6 + /x^ + 8x + 16 + y^ + 

Squaring and simplifying, 4x 9 = -3 

Squaring again and simplifying, 7x^ - 9y^ - 9z^ = 63, a hyperboloid of revolution 
about the jc-axis, 

18. Find the equation of the locus of a point whose distance from the 2 -axis is 3 times its 
distance from the point (-l,2,-3). 

Distance from the z-axis = distance from the point (-l»2,-3). 

Hence, /x^ + y^ = s/cx + l)^ + (y-2)^ + (2 + 3)^. 

Squaring and simplifying, 8 x^ + 8 y^ + 92 ^ + 18x - 36y + 542 + 126 = 0 , an ellipsoid. 

19 . Show that the points 0,3), B(3,10,-7), C(l,6,-3) lie in a straight line. 

Direction numbers of = 5,10,-10 or l,2,-2: of BC = -2,-4,4 or -1,-2,2. 

Since the direction numbers are proportional, the lines are parallel or continuous. 
But B is common to both. Therefore AB and BC are continuous and the three points lie in 
a straight line. 

20. Find the equation of the locus of a point equidistant from (1,3,8), (- 6 ,-4,2), (3,2,1). 

Let (x,y, 2 ) be any point satisfying the conditions of the problem. 

Then (i) (x -1)^ + (y-3)^ + ( 2 - 8 )^ = (x + 6 )^ + (y + 4)^ + ( 2 - 2 )^, 

and (2) (x-1)^ + (y-3)^ + ( 2 - 8 )^ = (x-3)^ + (y - 2)^ + ( 2 - 1 )^ 

Expanding and simplifying, we get ( 1 ) 7 x + 7 y + 62-9 = 0 and (2) 2x-y-72 + 30 = 0. 
Answer: 7x + 7y + 6z-9 = 0 and 2x-y-7z + 30 = 0. 

21. Show that the triangle 4(3, 5, -4), B(-l,1.2), C(-5,-5,-2) is isosceles. 

Length of 4B = + if + (5 - 1)^ + (-4 - 2f = 2 / 17 . 

Length of BC = /(-5 + 1)^ + (-5 - 1)^ + (-2 - 2)^ = 2/17. 

Length of 4C = /(-5 - 3)^ + (-5 - 5)^ + (-2 + 4)^ = 2/42^. 

Since 4B = BC = 2/17, the triangle is isosceles. 

22. Show by two different methods that the points 4(5,1,5), B(4,3,2) and C(-3,-2,l) are the 
vertices of a right triangle. 

f. Use the Pythagorean Theorem. 4B = /(s - 4 )^ + (1-3)^ + (5 - 2)^ = /l4. 

BC =. /(4 + 3)^ + (3 t 2f + (2 - 1)^ - /75. 

CA = /(_3 - 5)* + (-2 - D* + (1 - 5)* = >/89. 

(AB)^ + (BO* = (C4)* , or 14 + 75 - 89. 

2. Show that AB and BC are perpendicular. 
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I I 1 


1 —2 ^ 

Direction cosines of AB, -* 


1 


. Direction cosines of BC, -, — 

/l4 /I? i/i? 5 /3 5 /3 5 /3 


COS B ^ 


L. . 3 


/l4 5/3 /I4 5/3 /I4 5/3 


7-10+3 

5vT2 


= 0 . 


Otherwise: The sum of the products of the direction numbers of the two lines equals 
zero. 7(1) + 5(-2) + 1(3) = 0. 


SUPPLEMENTARY PROBLEMS 


1. Plot the points (2.2.3), (4.-1.2), (-3.2,4), (3.4.-5), (-4,-3.-2). (0.4.-4), (4.0.-2), 

(0.0,-3), (-4.0,-2). (3,4.0). 

2. Find the distance from the origin to each of the points in problem l above. 

Ans. /rf, v/29, 5v^, 4/2. 2/5, 3, 2/5, 5. 

3 . Find the distance between each of the following pairs of points. 

(а) (2,5,3) and (-3,2,1). -4ns. 

(б) (0,3,0) and (6,0,2). -4ns, 7 

(c) (-4,-2,3) and (3,3,5). Ans, /^ 

4. Find the perimeter of each of the following triangles. 

(a) (4,6,1), (6,4,0). (-2,3,3). 4ns. 10 + /74 

(b) (-3,1,-2), (5,5,-3), (-4,-1,-1). 4ns, 20 + /6 

(c) (8,4,1), (6,3,3), (-3,9,5). 4ns. 14+9/2 



Plot each of the following points and for each point find the radius vector from the or¬ 
igin and the direction cosines. 


(a) (-6,2,3), 

(b) (6,-2,9). 

(c) (-6,4,8). 

(d) (3,4,0). 
(c) (4,4,4). 


4ns, 7, cos a = -6/7, cos 0 * 2/7, cos y = 3/7. 

4ns. 11, cos a * 6/11, cos 3 * -2^11, cos y * 9/11. 

4ns, 12, cos a » -2/3, cos 3 = 1/3, cos y = 2/3. 

4ns. 5, cos a = 3/5, cos 3 = 4/5, cos y = 0. 

4ns. a/3, cos a = U/3, cos 3 * 1//3, cos y = I// 3 . 


6. Find the direction angles for the points in Problem 5 (a), (cf), and (e). 
4ns, (a) a = 148°59.8', 3 = 73‘"23.9', y = 64°37.4' 

(d) a = 53°7.8', 3 = 36°52.2', y - 90° 

(€) a = 3 = Y = 54°44.l' 


?• Find the lengths of the medians of the following triangles. Answers are expressed for 
medians taken in order through 4, B, C. 

(a) 4(2,-3,l), B(-6,5,3). C(8,7,-7). 4ns. v^. /IM, /m 

(b) 4(7,5,-4), B(3,-9,-2), C(-5.3,6). 4ns. 2 / 4 T, /l82, /^ 

(c) 4(-7,4,6). B(3,6,-2), C(1,-8,8). 4ns. /Tl5. /iH, /HI 



In each of the following examples find the direction cosines of the line drawn from the 
first point to the second. 


(a) (-4,1,7), (2,-3,2). 

(b) (7.1,-4), (5,-2,-3). 


4ns. (a) 


(c) (-6.5,-4), (-5,-2,-4). 

(d) (5,-2,3), (-2,3,7). 


(€) (3,-5,4), (-6,1,2) 


6 /fi 

4/77 

5 /ff 

( d ) 

7/10 

/io 

2/10 
• ' -. 

77 ' 

77 

77 

30 

6 

15 

/i4 

3/14 

/i4 

(e) 

9 6 


2 


14 * 

14 

"u' n 

t ^ 

11 



0 
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9. Find a set of direction numbers for the line through the two points in each of the fol¬ 
lowing. 

(a) (4.7,3). (-5.-2.6). Ans. 3. 3. -1 

(b) (-2.3.-4). (1.3,2). Ans. -3. 0. -6 

(c) (11.2,-3), (4,-5,4). Ans. 1, 1. -1 

10. Find the angle not greater than 90"" between the lines joining the following pairs of 


points. 



yS i 

(a) (8,2.0),(4,6,-7); 

(-3.1.2).(-9,-2.4). 

4ns. 

88 10.8 

(b) (4,-2,3),(6.1,7): 

(4.-2.3).(5,4.-2). 

4ns, 

90° 

(c) From (6.-2,0) to 

(5,4, 2 / 3 ) and from (5,3,1) to (7,-1.5). 

4ns. 

73°11.6' 


11. Find the interior angles of the triangle whose vertices are (- 1 ,- 3 .-4). (4.-2,-7), and 

(2,3.-8). Ans, 8e°21,l\ 44°25.4', 49°6.9' 

12. Find the area of the triangle in Problem 11. /Ins, 16.17 square units 

13. Find the points of intersection of the medians in each of the following triangles, 

(a) (—1,—3t—4). (4.—2.—7). (2.3.—8), i4ns, (5/3. —2/3. —19/3) 

(b) (2,1,4). (3.-1.2). (5,0.6). Ans. (10/3.0.4) 

(c) (4.3,-2). (7.-1.4). (-2.1.-4). Ans. (3. 1.-2/3) 

14. Show that the triangle with vertices (6.10,10), (1,0,-5), (6,-10,0) is a right triangle 
and find its area. 4ns. Area = 25/^ square units 

15. Show that the triangle with vertices (4,2,6), (10.-2.4), (-2.0.2) is isosceles and find 

its area. 4ns. Area = 6/19 square units 

16. Prove by two methods that the points (-11,8,4), (-l,-7.-l), (9.-2,4) arethe vertices of 
a right triangle. 

17. Prove that the points (2,-1,0), (0,-l,-l), (1.1,-3), (3.1.-2) arethe vertices of a rec¬ 
tangle. 

18. Show that (4,2,4), (10,2,-2) and (2,0,-4) are the vertices of an equilateral triangle, 

19. Show by two different methods that the points (1,-1,3), (2,-4,5) and (5,-13,11) are in 
a straight line. 

20. Derive the equation of the locus of a point equidistant frompoints (1,-2,3) and (-3,4. 2). 
4ns. Sx — 12y + 2r + 15 = 0 

21. Derive the equation of the locus of a point twice as far from (-2,3,4) as from (3,-1.-2). 

4ns, + 3y^ + 32^ - 28x + 14y + 242 + 27 = 0, a sphere 

22. Find the equation of the sphere with radius 5 and center (-2,3,5). 

4ns. + y^ + 2 ^ + 4x - 6y - IO 2 + 13 = 0 

23. The direction numbers of two lines are 2,-1,4 and -3,2,2. -Show that the lines are per¬ 
pendicular. 


24. Determine k so that the lines joining the points Pi(fe,l,-1) ond P^(2k,0»2) shall be per¬ 
pendicular to the line from to P3(2 + 2A, fe, 1). 4n5. k - 3 

25. The direction numbers (or parameters) of a line perpendicular to two lines whose direc¬ 
tion numbers are a^, and Og, bj, Cg, are given by the following three deter¬ 
minants. , , 

Oi Cx Oi 

bj Cj, C 2 <*2, O 2 ^2* 

Find the direction numbers of a line perpendicular to two lines whose direction numbers 


(a) 1.3,-2 and -2,2,4. 4ns. 16, 0, 8 or 2,0.1 

(b) -3,4,1 and 2,-6,5- 4ns. 26. 17, 10 

(c) 0.-2,1 and 4,0,-3. 4ns. 3, 2, 4 

(d) 5,3.-3 and -l,l,-2. 4ns. -3, 13. 8 


are: 


INTRODUCTION TO SOLID ANALYTIC GEOMETRY 


113 


26. Find the direction numbers of a line perpendicular to the two lines determined by the 
pairs of points ( 2 ,3,-4),(-3,3.-2) and (-1»4.2)»(3,5,1). -2.3.-5 

ZT. Find the direction cosines of a line perpendicular to each of two lines with direction 
numbers 3.4.1 nnd 6.2.—1. 4ns. 2/7. —3/7. 6/7 

28. The angle between the line with direction numbers x,3.5 and with direction num¬ 
bers 2,-i.2 is 45°. Find *. Ans. 4, 52 

29. For what value of x will the line through (4,1.2) and (5,x,0) be parallel to the line 

through (2,1.1) and (3.3.-1). 4ns. x = 3 

30. For what value of x will the lines in Problem 29 be perpendicular? 4ns. x = -3/2 

31. Show that the points (3,3.3). (1.2.-1). (4,1.1). (6.2.5) are the vertices of a parallel- 
ogram. 

32. Show that the points (4.2.-6). (5.-3.1). (12.4,5), (11.9,-2) are vertices of a rectangle. 

33. Show that the line through (5,1,-2) and (-4,-5.13) is a perpendicular bisector of the 
line segment joining (-5.2.0) and (9.-4,6). 

34. Find the angle between the lines joining (3.1,-2), (4,0.-4) and (4,-3.3), (6.-2.2). 
4ns. n/3 radians 

35. Direction numbers of two lines are 3,-2,* and -2.*.4. Find k if the lines are at right 
angles. 4ns, fe = 3 

36. Find the equation of the locus of a point whose distance from the y-axis is equal to 
its distance from (2.1.-1). Ans. - 2y - 4i + 2 z + 6 - 0 

37. Find the equation of the locus of a point whose distance from the xy-plane is equal to 
its distance from (-1.2.-3). Ans. x* + y^ + 2x - 4y + 6z + 14 = 0 

38. A point moves so that the difference of the squares of its distances from the x- and y- 
axes is constant. Find the equation of its locus. Ans. y - x -a 

39. Find the equation of the locus of a point whose distance fromthe z-axis is equal to its 
distance from the xy-plane, 4ns. 


x^ + - 22 - 0, a cone 


40. 


Find the equation of a sphere with its center at (3,-1,2) and tangent to the yz-plane. 
x^ + y2 -t- 2^ - 6x + 2y - 42 + 5 = 0 


41. 


4ns. 

Find the equation of a sphere with radius a and tangent to all three coordinate planes, 
the center being in the first octant. 4ns. x + y2 + z - 2 ax - 2 ay - 2az + 2a - 0 

42. Find the equation of a sphere with center (2.-2.3) and passing through (7.-3.5). 

4ns, + y^ + 2 ^ - 4 x + 4y - 62 - 13 = 0 

43. Find the equation of the locus of a point equidistant from (-2,1,-2) and (2,-2.3). 

4ns, 4 Ar - 3y + 52 — 4 = 0 

44. Find the equation of a plane which bisects perpendicularly the line segment joining the 
points (-2,3,2) and (6,5,-6). Ans. 4 x + y - 4z - 20 = 0 

45. Given the points A(3,2,0) and B(2,1,-5), find the locus of a point P(x,y,z) which moves 

so that PA is perpendicular to PB. Ans. x* + y" + z - 5 x - 3 y + bz + 8 - 0 

46. What equation must the point (x,y,z) satisfy if the distance from (x,y,z) to the point 

(2,-1,3) is 4. Ans. x^ + y* + z - 4 x + 2y - 6z 2 0 

47. Find the equation of the locus of a point (x,y,z) which moves so that its distance from 
(1.3,2) is three times its distance from the xz-plane. 

4ns. - 8y^ + 2 ^ - 2 x - 6y - 42 + 14 = 0 

48. Find the center and the radius of the sphere + y® + 2 ^ - 2 x + 6y + 22 - 14 = 0. 
4ns. Center (l,-3,-l), radius 5 
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49. Find the coordinates of the center and the radius of the sphere: 


(а) 16x^ + 16y^ + 162 ^ - 24x + 48y -5=0. 

(б) + 2 ^ - 2x - 6y + 42 + 14 = 0. 
(c) z^ + y^ + 2 ^ + 4z - 2y - 62 = 0. 


3 3 5v^ 

4ns. Center (- 7 » - «* 0)» ^ - —r“ 

4 2 4 

Ans, center (1. 3.-2): r = 0 

Ans» Center (-2. 1. 3); r - /I? 


50, 


Find the equation of a sphere with its center at (4.—3.2) and tangent to the plane x+2 = 0 


Ans, z^ + y^ + - 8x + 6y - 42 - 7 = 0 



Write the equation of the locus of a point which 

(а) 4 units in front of the zz-plane. 

(б) 6 units back of the yz-plane. 

(c) 3 units back of the plane y - 1 = 0. 

(d) 3 units from the z-axis. 


moves 

so that it 

is 

4ns. 

y = 4 


4ns. 

CO 

1 

II 

H 


4ns, 

y + 2 = 0 


4ns. 

x^ + y^ = 

9 


52. Find the equation of the locus of a point the sum of whose distances from (3.0.0) and 
(- 3 . 0 , 0 ) is 8 . 4ns. 7x^ + 16y^ + 16z^ = 112. an ellipsoid 

53, Find the equation of the locus of a point whose distance from (-1.2,-2) is equal to its 
distance from the z-axis. 4ns. z^ + 42 + 2 x - 4y + 9 = 0. a paraboloid 


54. Find the equation of the locus of a point whose distance from (3,-2.1) is 3 times its 
distance from the zy-plane. 

4ns, + y^ - 8z^ - 6x + 4y - 22 + 14 = 0, a hyperboloid 

55. Find the equation of the locus of a point the difference of whose distances from (0.0.-4) 

and (0,0.4) is 6. 4ns. 9x^ + 9y^ - 7z^ + 63 = 0. a hyperboloid 

56. Find the equation of the locus of a point whose distance from the yz-plane is twice its 
distance from (4,-2,1). 4ns. 3x^ + 4y^ + 42 ^ - 32z + 16y - 8z + 84 = 0, ellipsoid 

57 . Find the equation of the locus of a point whose distance from (0,0,-2) is one-third its 

distance from the plane z + 18 * 0. 

4ns. 9x^ + 9y® + 8z* - 288 =0, an ellipsoid 

58. Find the equation of the locus of a point equidistant from the plane z =5 and the point 

(0,0.3). 4ns. + y^ + 42 - 16 = 0, a paraboloid 


CHAPTER 13 


The Plane 


EVfeRY PLANE is represented by an equation of the first degree in one or more 
of the variables x,y,z. The converse statement also is true. Every equa¬ 
tion of the first degree in one or more of the variables x,y,z represents 
a plane. 

The general equation of a plane is Ax + By+Cz + D = 0. provided that 
At Bt and C are not all zero. 

The equation of a system of planes passing through point {x^ ^yo fZo) 

A{x-Xq) + B(y-yo) + C(z-Zo) = 0. 


LINE PERPENDICULAR TO A PLANE. If a,b,c are the direction numbers of a line, 
the line will be perpendicular to a plane Ax+By + Cz + B = 0 if and only 
if these direction numbers are proportional to the coefficients of x,y,z 
in the equation of the plane. If a,b,c,4,BfC are all different from zero, 

then - = - = - must be true if the line and plane are perpendicular to 
ABC 
each other- 


PARALLEL AND PERPENDICULAR PLANES. 

Two planes A^x +Biy +CjZ = 0 and 
allel if and only if the coefficients of x 

A. _ B^ _ 


AoX + Bg 


y 


y, z in their 


proportional, i.e., if 


B 


Two planes A^x + B^y + C^z + = 0 and A^x + B^y + C„z + D 


pendicular to each other if and only if 


2 

A.A 


'2 

+ B^B 


2^ ' 

+ CjCg 


= 0 are par- 
equations are 


= 0 are per- 

= 0 . 


NORMAL FORM. The normal form of the equation of a plane is 

x cos a + y cos 3 + z cos y - P = 0, 

where p is the perpendicular distance from the origin to the plane and 
a, 3, Y are the direction angles of that perpendicular. 

The normal form of the equation of the plane 4x +By +Cz+ B = 0 is 

Ax + By + Cz + Z) _ - 

■ ■ u» 

± /a^ +b^ + c^ 

the sign of the radical being taken opposite to that of D so that the 
normal distance p shall be positive. 


. X y z 

INTERCEPT FORM. The intercept formof the equation of a plane is “ ^ 

where a,b,c are the x-,y-. and z-intercepts respectively. 


PLANE 


(Xj .y^ ,Zj) and a plane Ax + By + Cz + B = 0 is d - 


Ax^ + By^ + Czi + D 

/a^ +bS <? 
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ANGLE BETWEEN TWO PLANES. The angle 0 between two planes A^x B^y ^ = 0 

and AjX + ^ 2 /+ C 2 Z + D 2 =0 is determined by 

cos e = + C.C;- _ angle. 

Al + Bl + Cl Al + Bl + Cl 

SPECIAL PLANES. The planes Ax + By + P = 0, 

By + Cz + P = 0, 

Ax + Cz + P = 0» represent planes perpendicular, 
respectively, to the xy-, yz-, and xz -planes. 

The planes Ax + P = 0 . By + P = 0, Cz + P = 0, represent planes per¬ 
pendicular, respectively, to the x-, y-, and z-axes. 

SOLVED PROBLEMS 

1. Find the equation of the plane through the point (4,-2,1) and perpendicular to the line 
whose direction numbers are 7,2,-3. 

Use the equation /i(x-Xo) + B(y-yo) C(2-2o) - 0 and the condition that the coef¬ 
ficients are proportional to the direction numbers. 

Then, 7(x -4) + 2(y + 2) - 3(2 - 1) = 0 or 7x + 2y - 32 - 21 = 0. 

2. Find the equation of the plane perpendicular to the line segment from (-3,2,1) to (9,4,3) 
at the midpoint of the segment. 

The direction numbers of the line segment are 12,2,2 or 6,1,1. The midpoint of the 
segment is (3,3,2). Hence the equation of the plane is 

6 (x -3) + (y-3) + (2 -2) = 0 or 6 x + y + 2 - 23 = 0. 

3* Find the equation of the plane through the point (1,-2,3) and parallel to the plane 

2 : - 3y + 22 = 0. 

The required plane must have an equation of the form x - 3 y + 22 = fe. To determine k 
substitute the coordinates ( 1 ,- 2 , 3 ), since this point lies in the required plane. 

Then 1 - 3(-2) + 2(3) = i^, or fe = 13. The required equation is x - 3y + 22 = 13. 

4. Find the equation of the plane through (1,0,-2) and perpendicular to each of the planes 

2 x + y - 2 = 2 and 
X - y - 2 = 3. 

The family of planes through point (1,0,-2) is A(x-l) + B(y-O) + C (2 + 2) = 0. For 
this plane to be perpendicular to the two given planes, 

24 + B — C = 0 and 

>1 - B - C = 0. Solving, A = -2B and C = -36. 

The required equation is -2B(x-l) + B(y-O) - 3 B (2 + 2 ) = 0, or 2 x - y + 32 + 4 = 0. 

5 . Find the equation of the plane through (l,l,-i), (-2,-2,2), (lf-l»2). 

Use Ax + By + C 2 + D = 0. Substituting the coordinates of these points, we have 

A + B — C + i) = 0 , 

-24 - 26 + 2 C + B = 0, 

A - B+2C + i) = 0. 
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Solving for A, B, C and D. we find /) = 0, A = -C/2. B = 3C/2, C = C. 

Substituting these values and dividing through by C, the equation becomes 

j; - 3y - 2z = 0. 

Another Methods The equation of a plane through three points and 

fs foupd fay expanding the determinant 

X y 2 1 


yi 

>3 


1 

1 

1 


= 0 . 


6 * Discuss the locus of the equation 2 x + 3 y + 62 = 12. 

Since the equation is of the first degree it rep¬ 
resents a plane. 

The direction numbers of the normal to the plane 
are 2,3,6. The direction cosines of the normal are 

236 
cos a = - • cos 3 = • cos y = -• 



The intercepts on the axes are (6,0,0), (0,4,0), 
and (0,0,2). 

The lines in which the plane intersects the coor¬ 
dinate planes are called the traces of the plane. To 

find the equations of the traces: In the xy-plane» 2 - , . ^ +u 4 -y.ar>c. r.r, fho 

0 : hence the equation of this trace is 2x + 3y = 12. Similarly, to find the ^e 

* 2 -plane. set y = 0: hence this trace is 2 x + 6z = 12 or x + 32 = 6. and the equation o 
the yz-trace is 3 y + 62 = 12 or y + 22 = 4. The intercepts and traces are shown in 

“'“^o length of the nora^l. that is. the distance from the origin to the plane 


j _ Axx + Byi + Cz^ D ^ 
t/A^ + 


d\ = 


2(0) + 3(0) + 6(0) - 12 

“"7 


12 

7 


7. Find the perpendicular distance from the point (-2.2.3) to the plane 8x - 4 y - z - 8 = 0, 

8x - 4y - 2 - 8 _ 8x - 4y - 2 - 8 ^ 

The equation in normal form is — r=- 9 

/w + 16+1 

8(-2) - 4(2) - 1(3) - 8 ^ _ 35 ^ 

Substituting the coordinates of the point, d - - 9 9 

The negative sign shows that the point and the origin are on the same side of the plane 

8. Find the smallest angle between the planes (1) 3 x + 2 y - 52 - 4 - 0 

and (2) 2x - 3y + 52 - 8 * 0. 


The direction cosines of the normals to the two planes are: 


cos (Xj. 

3 

s ^ > 9 

cos 3i 

2 

s - p 

/38 

cos Yi 

cos 

2 

^38 

cos 3^ 

-3 ^ 
/38 

cos Y2 




5 

/38 


Let e be the angle between the two normals. 
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Then cos 0 


_2_^_5 5 

v/38 y^ /38 


?1 

38 


and e = 48°51.6L 


9. Find the point of intersection of the planes: x + 2y - z = 6, 

2x - y + 3z = -13. 

3x - 2y + 32 = -16. 

Here we have three linear equations. The solution of these simultaneous equations de¬ 
termines the coordinates of the point of intersection of the three planes. 

The required point is found to be (-l,2,-3). 


10. Find the equation of the plane passing through the line of intersection of the planes 

3x + y-5z + 7 = 0 and x-2y + 42-3 = 0 and through the point (-3,2.-4). 

The equation of any plane passing through the line of intersection of the two given 

planes is of the form 3x + y - 5z + 7 + k(x - 2y + 4z - 3) =0. 

To determine the plane of this pencil of planes which passes through (-3,2,-4)» sub¬ 
stitute -3,2,-4 for x,y,z respectively and obtain 

-9 + 2 + 20 + 7 + fe(-3 - 4 - 16 - 3) = 0. or fe = 10/13. 

Substituting and simplifying, we have 49x - 7y - 25z + 61 = 0. 

11. Find the equations of the planes which bisect the dihedral angles between the planes 

6 z - 6 y + 7z + 21 = 0 and 

2x + 3y - 6 z - 12 = 0. 

Let (xj,y^,Zi) be any point on the bisecting plane. Then the distances of (xj^y^Zj) 
from the two planes must be equal in magnitude. Hence, 

- 6 yi +72^+21 _ 2 xi + 3yi - Gz^ - 12 

-11 7 

Clearing of fractions and simplifying, we obtain 64x - 9y - 17z + 15 = 0 

and 20x - 75y + 115z + 279 = 0. 

12. Find the equation of the plane through the points (1,-2,2), (-3,1,-2) and perpendicular 
to the plane 2 x+y- 2 + 6 = 0 . 

Let 4x + By + Cz + 0 = 0 be the required plane. 

Since the two points must lie in the required plane, by substitution 

-4-2B + 2C + D = 0 and 
-34 + B - 2C + D = 0. 

Since the required plane must be perpendicular to 2 x + y - z + 6 = 0 , we have 

24 + B - C = 0 . 

Solving for 4, B, D in terms ofC, 4 = -—,B = —= 

10 5 10 

Substituting these values and dividing through by C, we obtain the required equation 

X - 12y - 102 - 5 = 0. 

13- Find the locus of a point equidistant from (2,-1,3) and 2 x - 2 y + z - 6 = 0. 

Let (x,y, 2 ) be the point. Then 

/(x-2)^ + (y + 1)^ + (2-3)^ = 2x - 2y + z - 6 

3 

Squaring and simplifying, 5x^ + 5y^ + 82 ^ + 8 xy- 4 x 2 + 4 y 2 - 12x-6y-422 + 90 = 0. 
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14. Find the equations of the planes parallel to 2x-3y-6z-14 = 0 and distant 5 from the 
origin. 

2 x ~ 2y - Gz ~ k =0 represents the family of planes parallel to the given plane. 

The distance of any point from 2 * - 3 y - 6z - fe = 0 is 

d = Zjci - 3yi - 6zi - fe . 

7 

Since d = ±5 from (0,0,0). we have ± 5 = ~ - - or fe = ±35. 

Hence the required equation is 2 jt — 3 y — 6z ± 35 = 0. 

In the figure below: Plane I is given and Planes II and III are the required planes. 



problem i4. 



Problem 15* 


15* Write the equation of the plane 5 a: - 3 y + 6z = 60 in the intercept form, 

X y z 

Dividing through by 60, the equation has the intercept form _ - — + — = 
The intercepts are 12, -20, 10. 


16* Show that the planes 7x + 4y - 42 + 30 = 0, 

Z6x - Sly + 122 + 17 = 0, 

14x + 8 y - 82 - 12 = 0, and 
12x - 17y + 42 - 3 = 0 

form four faces of a rectangular parallelepiped. 

7 4-4 

The first and third planes are parallel since _ = 

Also, the second and fourth planes are parallel since — = — - • 

Further, the first and second planes are perpendicular since 

7(36) + 4(-51) - 4(12) = 252 - 204 - 48 « 0. 


17 . Determine the locus of the equation + y^ - 2xy - 42^ = 0. 

Write this equation in the form _ g^y + y* - 42 ® = (x - y - 2z)(x - y + 22 ) = 0. 

The locus is two planes passing through the origin, 

X • y — 2z = 0 and 
X - y + 22 = 0. 
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SUPPLEMENTARY PROBLEMS 


4ns. 

z 

= -3 

4ns. 

X 

= 4 

4ns. 

2 

= 6 

4ns. 

y 

= -6 or y + 6 = 


!• Write the equation of the plane: 

(а) Parallel to the xy-plane and 3 units below it. 

(б) Parallel to the y^-plane and having x-intercept 4, 

(c) Perpendicular to the z-axis at point (0,0,6). 

(d) Parallel to the xz-plane and 6 units behind it. 

2. Write the equation of the plane which is horizontal and passes through point (3,-2,-4), 
Ans» z=-4 or z+4=0 

3. Write the equation of the plane parallel to the z-axis, x-intercept 2, y-intercept -3. 
/4ns. 3x “ 2y - 6 = 0 

4. Write the equation of the plane parallel to the 2-axis, with xy-trace x + y - 2 = 0. 
4ns. X + y - 2 = 0 

5. Write the equations of the following planes: 

(а) Through (3,-2.4) and perpendicular to a line whose direction numbers are 2, 2, -3. 
4ns. 2x + 2y - 32 + 10 = 0 

(б) Through (-1.2,-3) and perpendicular to the line segment from (-3,2,4) to (5,4,1). 
4ns. 8x + 2y - 32 - 5 = 0 

(c) Through the point (2.-3,4) and perpendicular to the line segment joining this poin 
to the point (4,4,-1). 4ns. 2x + 7y - 5z + 37 = q 

(d) Perpendicular to the line segment from (-2.2.-3) to (6.4.5) at its midpoint. 

4ns. 4x + y + 42 - 15 = 0 

6. Find the equation of the plane: 

(a) Through the point (-1,2,4) and parallel to the plane 2x - 3v - 52 + 6 - 0 

4ns. 2x - 3y - 52 + 28 = 0 ^ 

(b) Through the point (2,-3,6) and parallel to the plane 2* - 5v + 7 = n 

4ns. 2x - 5y - 19 = 0 j ( u. 

(O' Through the origin and parallel to the plane 3x + 7v 6z + ^ n 

4ns. 3x + 7y - 62 = 0 -5 - u. 

(d) Parallel to the plane 61 + 3v - 9? ^A - n u 

Ans. 62 + 3y - L ± 7 = 0 ^2 - 14 - 0 and half as far from the origin. 

/(ns. 3x - 6y - L ± 21 = 0 ^2 - 4 - 0 at a distance 3 from the origin. 

7. Find the equation of the plane: 

(a) Parallel to the plane 6x - 6v + 7z - aa - n onH o ... 

Ans. 6x - 6y + 72 ± 66 = 0 ^ ^ ® farther from the origin. 

(b) Parallel to the plane 4x - 4v + 7z - 9 - n Ai . 

4ns. 4x - 4y ^ 72 4 38 = 0, 4x - 4,y +"7^ f ^ (4,1,-2). 

(c) Parallel to the plane 2x - 3v - “iz + i - n ^4 * .... 

/(ns. 2x - 3y - 52 + 16± Svis = 0 “t* distant 3 units from point (-1,3,1). 

Find the equation of the plane that Das«;p<5 

to each of the planes 7x-3y+2-5 = 0 and A _ " (3.-2,4) and is perpendicular 

4ns. 4x + lly +52-10=0 ^y-2+9-0. 

9. Find the equation of the plane through the ooint o ^ 

of intersection of the planes x - v + 22 “d perpendicular to the line 

/(ns. 5x ^ 7y t 2 - 1 = 0 ^ ^ 22 - 3 = 0 and 2 x - y - 32 = 0. 

10. Find the equation of the plane through n -a 9\ , 

2x ^ 5y - 2 - 12 = 0 and 4x - 7y + 32 f P«''dicular to each of the planes 

J o - u. Ans, Ax - 5y ^ 172 + 10 = 0 

11. Find the equation of the plane through (i n 9\ , 

2x - 4y t 32 = 0 and 7x + 2y ^ 2 - W 1 A f^P^-'dicular to each of the planes 

z XI - U. Ans, lOx - 19y - 322 + 26 = 0 


8 
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12. Find the equation of the plane through (4,1.0) and perpendicular to each of the planes 

2x-y-42-6 = 0 andx + y+2z-3 = 0. Ans, 2x - 8y + 32 = 0 

13. Find the equation of the plane through (1,1,2) and perpendicular to each of the planes 

2x — 2y — 42-6 = 0 and 3x + y + 6z - 4 = 0. Ans, x+3y - 2 - 2 = 0 

14. Find the equation of the plane perpendicular to each of the planes 3x - y + z = 0 and 

X + 5y + 32 = 0 at a distance from the origin. Ms. x + y-2z±6 = 0 

15. Find the equation of the plane perpendicular to each of the planes x - 4y + z =0 and 

3 x + 4 y + 2 - 2 = 0 at a distance 1 from the origin. Ms. 4x-y-8z±9 = 0 

16. Find the equation of the plane through (2,2,2) and (0,-2,0) and perpendicular to the 

plane x - 2y + 3z - 7 = 0. 4x-y-22 - 2 = 0 


plane x + 2y - Sz - 3 = 0. 

18. Find the equation of the plane through (2,-1,6) a 
plane % - 2y - 22 + 9 = 0. 

19. Find the equation of the plane through (l,2,-2) a 
plane 3x + y + 22 = 0. 

20. Find the equation of the plane through (1,3,-2) a 
plane 7 x - 3 y + Sz - 4 = 0. 

21. Find the equation of the plane through the points 

(a) (3,4,1), (-l,-2,5), (1,7,1). 

(b) (3,1,4), (2,1,6), (3,2,4). 

(c) (2,1,3). (-l,-2,4). (4,2.1). 

(d) (3,2,1), (1,3,2), (l,-2,3). 

(e) (4,2,1), (-l,-2,2), (0.4,-5). 


(c) X + y = 6. 

(d) 2y - 32 = 6 


Ms. 

7x-6y -2-7=0 


i.4) 

and perpendicular to 

the 

Ms. 

2x + 4y - 3z + 18 = 0 


-2) 

and perpendicular to 

the 

Ms. 

4x + 2y - 7z - 22 = 0 


3) 

and perpendicular to 

the 

Ms. 

20x + 25y - 13z - 121 

= 0 

/4ns. 

3x + 2y + 6z - 23 = 0 


Ms. 

2x + 2 - 10 = 0 


Ms. 

5x - 4y + 32 - 15 = 0 


Ms. 

3x + y + 5z - 16 = 0 


Ans. 

llx - 17y - 132 + 3 = 

0 

3tch, 

showing intercepts 

and 


(e) 2x - 2 = 0. 



(/) X - 6 = 0. 


(«) P * 2, 


traces. 

(a) 2x + 4y + 32 - 12 = 0. 

(6) 3x - 5y + 22 - 30 = 0. 

23. Use the normal form and write the equations of each of the following planes, given: 

(b) a = 90°, e = 135°, Y = 45°. p = 4. Ms. y - z + 4/2 0 

(c) The foot of the normal from the origin to the plane is point (2,3,1). 

' ' Ans. 2x + 3y + 2 - 14 * 0 

(d) a = 120°, 0 = 60°. Y = 135°. P = 2. Ans. x - y + z + 4 = 0 

COS a _ cos 3 ^ cos y ^ ylns. x - 4y - 8z ± 18 = 0 

-1 4*8 

24. Reduce each of the following equations to the normal form and thus determine the direc¬ 
tion cosines and length of the normal. 

(a) 2 x - 2 v + 2 - 12 = 0. Ms. cos a = 2/3, cos 0 = -2/3, cos Y * 1/3, P =' 4. 

(b) 9 x + 6v - 22 + 7 = 0. Ms, cos a = -9/11, cos 0 * -6/11, cos y = 2/11, p = 7/11. 

(c) X - 4 y + 8 z - 27 = 0. Ms, cos a = 1/9, cos 0 = -4/9, cos y = 8/9, p = 3. 

25. Determine the perpendicular distance from the point to the plane in each of the foUowing, 

(a) Point (- 2 .2, 3 ). plane 2x + y - 2z - 12 = 0. An*. -20/3. Interpret sign. 

(b) Point (7,3,4), plane 6 x - 3 y + 22 - 13 = 0. Ans, 

(c) Point (0,2,3), plane 6 x - 7 y - 62 + 22 = 0. Ms. 

(d) Point (1,-2,3), plane 2 x - 3 y + 2z - 14 = 0. 4ns. 

26. Find the acute angle between each of the following planes. 

(a) 2x - y + 2 = 7, x + y + 22 - 11 = 0. 4ns, 

(b) X + 2y - 2 = 12, X - 2 y - 22 - 7 * 0. 4ns. 


4 

10/11 

0 


60° 

82°10.7 
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(c) 2z - 5y + 14z = 60. 2x + y - 2z - 18 = 0. 49°52.6' 

(d) 2z + y - 2z = 18. 4x - 3y - 100 = 0. -4"^. 70°31.7' 

27. Find the point of intersection of the planes 2x-y-22=5. 4x+y + 32 = l. Sx-y + z = 5. 

4ns. (3/2. 4.-3) 

28. Find the point of intersection of the planes: 

(а) 2x + y-2 - 1 = 0. 3x - y - z + 2 = 0, 4x - 2y + z -3 = 0. 4ns. (1, 2.3) 

(б) 2x + 3y + 3 = 0, 3x + 2y - 5z + 2 = 0. 3y-42+8 = 0. 4ns. (3/2, -2. 1/2) 

(c) X + 2y + 42 = 2, 2x + 3y-2z + 3 =0. 2x-y + 4z+8 = 0. 4ns. (-4.2,1/2) 

29. Find the equation of the plane passing through the line of intersection of the planes 

2x - ly + 4z - 3 = 0. 3x - 5y + 42 + 11 = 0. and the point (-2,1.3). 

4ns. 15x - 47y + 28z - 7 = 0 

30. Find the equation of the plane passing through the line of intersection of the planes 

3x - 4y + 2z - 6 = 0, 2x + 4y - 2z + 7 = 0. and the point (1,2,3). 

4ns. 43x - 24y + 122 - 31 = 0 

31. Find the equation of the plane passing through the line of intersection of the planes 

2x - y + 22 - 6 = 0, 3x - 6y + 22 - 12 = 0. and cutting the x-axis at (6.0,0). 

4ns. X - 5y - 6 = 0 

32. Find the equations of the bisectors of the angles between the planes 2x-y-2z-6=0 and 

3x + 2 y -62 =12. 4ns. 5x - 13y + 42 - 6 = 0. 23x - y - 322 - 78 = 0 

33. Find the equations of the bisectors of the angles between the planes 6x-9y + 2z + 18 = 0 

and x-8y + 4z =20. 4ns, 65x - 169y + 622 _ 58 = 0, 43x + 7y - 262 + 382 = 0 

34. Find the equations of the bisectors of the angles between the planes 3 x + 4y-6=0 and 

6x -6y + 72 + 16 =0. 4ns. 9x + 2y + Sz + 2 = 0, 3x + 74y - 35z - 146 = 0 

35. Write the equation of each of the following planes in the intercept form, 

(a) 2x - 3y + 42 = 12. (6) 3x + 2y - 52 = 15. (c) x + 3y + 42 = 12. 

4.S. =1. = 1. = 1- 

36. Write the equations of the following planes whose intercepts are: 

(а) (-2.0,0), (0,3,0), (0,0,5). 4ns. = 1. 

(б) (3,0,0), (0,-2,0). 4ns. =1. (Parallel to the z-axis.) 

(c) (4.0,0). 4ns. X = 4. (Parallel to the yz-plane.) 

37. Show that the following planes are the faces of a parallelepiped: 3 x - y + 42 - 7 = 0, 

X + 2y - 2 + 5 = 0. 6x 2y + 82 + 10 = 0, 3x + 6y - 32 - 7 = 0. 

38. Write the equation of the locus of a point whose distance from the plane 3 x- 2 y -62 = 12 
is always twice its distance from x-2y + 22 +4 = 0. 

4ns, 23x - 34y + 102 + 20 = 0, 5x - 22y + 46z + 92 = 0 

39. Find the perpendicular distance between the parallel planes 2 x - 3 y - 6z — 14 = 0 and 
2x - 3y - 62 + 7 = 0. Draw a figure. 4ns, 3 

40. Find the perpendicular distance between the planes 3 x + 6y 22 = 22 and 3 x+ 6 y + 22 - 27. 

Draw a figure. 4ns. 5/7 

41. Describe the locus of the equation x^ + 4y^ - 2 ^ + 4xy = 0. 

4ns. Intersecting planes: x + 2y + z = 0, x + 2y - 2 = 0. 

42. Describe the locus of the equation x^ + y^ + 2 ^ + 2xy - 2x2 - 2yz -4=0 

4ns. Parallel planes: x+y-2+2=0, x+y-2-2=0. 

43 . Write the equation of the locus of a point whose distance from the plane 6x-2y + 32+4 = 0 
is equal to its distance from the point (-1,1,2). 

4ns. 13x^ + 45y^ + 402 ^ + 24xy - 36 x 2 + 12 y 2 + 50x - 82y - 2202 + 278 = 0 



CHAPTER 14 


The Straight Line in Space 


STRAIGHT LINE IN SPACE, 
degree 


The locus of two simultaneous equations of the first 

+ Cj^ z + =0 

A^x -i- B^y ^ C^z + =0 


is a straight line, the line of intersection of the two planes, except 
when the planes are parallel. 


PARAMETTRIC FX)RM. Let the direction angles of the line L be 
a, 3, Y and let ,y^ ,z^) be a point of the line. 

Then L is the locus of P(x, y, z) moving so that x-x^ = 
t cos a, y -yj, = t cos 3, z - z^ = t cos y. or x = x^ + t cos a, 
y=yi+ tcos3i z = + tcosy. where the parameter t rep¬ 

resents the variable length P^P, 

If a, b, c are direction numbers of L , these equations 
can be written; 

X = x^ + at, y = Xi + bt. z = Zj + ct. 



SYMMETRIC FORM. The equations of the line passing through Px(Xx ^y^ »Zt) with 
direction angles a, 3. Y have the form 

X-X^ ^ y-y^ ^ LzIl . 
cos a cos 3 cos y 


If a, b,c are direction numbers of 
takes the form 



a 


y-yi ^ 
b 


the line, 

z — z^ 
c 


the symmetric equation 


If L is perpendicular to one of the coordinate axes, the equation takes 
one of the following forms: 


y -y^ _ Z -Zi 
i» Z ” I 



(perpendicular to x-axis). 
(perpendicular to y-axis). 
(perpendicular to z-axis). 


If L is perpendicular to two axes, two equations are sufficient to de¬ 
termine the line: 


X = Xj, y = Xi (perpendicular to x- and y-axes). 
X = xj, z = zj (perpendicular to x- and z-axes), 
y = Xii z = Zj (perpendicular to y- and z-axes). 


TWO POINT FORM. The equations of a straight line through Pi(x^,yx» 2 x) and 
/’ 2 (^ 2 .y 2 »za) are 

X - xi ^ y - Xi ^ £_r__£i. 

Xfl — Xj Xa “■ Pi ^2 “ 
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PROJECTING PLANES. The equations 

_ y-Vi x-Xi _ z-z^ y-Vi z-z, 

b i —^ I ■ — ■ f 

a c b c 

each represents a plane containing the line. Since each of these planes 
is perpendicular to one of the coordinate planes, it may be thought of as 
projecting the line upon that plane, and hence it is called a projecting 
plane of the line. 

RELATIVE DIRECTIONS OF A LINE AND A PLANE. A line whose direction numbers are a, 
b and c, and the plane Ax +By +Cz +D = o are 
(1) parallel when and only when Aa ^ Bh ^Cc = 0, and 

ARC 

(2) perpendicular when and only when - = - = - . 

a h c 

SYSTEMS OF PLANES CONTAINING A LINE. Given the equations 

AiX + B^y + C^z + =0 
AgX + Bjy + CgZ + ^2 =0, 

the equation 

A^x + B^y + z + + ^^(AgX + B 2 y C 2 z + D^) =0, 

where K is a. parameter, represents a plane containing the line of inter¬ 
section of the given planes. Hence this equation is the equation of every 
plane through the line of intersection of the two given planes. 


SOLVED PROBLEMS 

Given the equations 2z - y + z = 6, x + 4y - 22 = 8. find 

(а) the point of the line for 2 = 1 , 

(б) the points in which the line pierces the coordinate planes, 

(c) the direction numbers, and 

(d) the direction cosines of the line. 

(а) Substituting z = i in both equations gives 2x - y = 5, x + 4y = 10. 

Solving these equations, x = . y = - • Hence the required point is 1). 

(б) Since 2 = 0 in the xy-plane, we proceed as in (a) and find this point to be (^ * 0) 

Similarly, the other points are found to be (4,0,-2) and (0,10,16). 

(c) The points C-y» |. 1). (4,0,-2) lie on the line. 

Hence a set of direction numbers are 4-—, o-5» -2-1, or - -• -3, or 2, -5,-9. 

3 3 3 3 


(d) The direction cosines are cos a a 


4 + 25 + 81 


Ho 


o -5 -9 

, cos 3 = — , cos Y ” ■■■ 

/no /no 


Another method. The above set of direction numbers may be obtained by observing that 
the line is perpendicular to the normals to the two planes represented by the given equa¬ 
tions. By making use of the determinants obtained from the array 

14-214 

2-1 12-1 formed from the coefficients of x,y, 2 , 


we obtain 


4 -2 


= 4-2*2. 


-2 1 

1 2 


= -4 - 1 5^-5. 


1 4 

2 -1 


= -9, or 2, -5, -9 
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2* Find the acute angle between the lines (1) 2x - y + 3z - 4 = 0, 3x + 2y - 2 + 7 = 0 

and (2) x+y-22+3=0. 4x-y +3z+7=0. 

The direction numbers of the first line are -5,11,7, and for the second line are -1, 
11,5, as explained in Problem l(f^) above. 

Let 8 be the angle between the two lines. Then 


cos 0 = 


-5 


-1 


11 


11 


23 


and 6 = 18°1.4l 


y/\95 /l47 /195 /i47 /l95 /l47 3^65 


3* Show that the lines (l) x-y + 2-5 = 0, x-3y + 6 = 0 

and (2) 2y + 2 - 5 = 0, 4x -2y + 5z - 4 = 0 

are parallel. 

The direction numbers of the first line are: 


or 3 , 1, -2. 


The direction numbers of the second line are 



0 

4 



or 12, 4. -8, or 3, 1, -2 


The direction numbers of the two lines are the same 
Hence the lines must be parallel. 




Show that the lines 


X + 1 _ y -5 _ 2 -7 


and 

-1 5 


x+4 _ y — 1 _ 2-3 


-3 


are perpendicular. 


2 3—1 

The direction cosines of the first line are cos a * -* cos 3 = -’ cos y = - 

/14 /T? /T4 

5 —3 1 

The direction cosines of the second line are cos a = • cos 3 * — * cos y = - 

/35 


a 2 5,3 - 3^-1 1 

cos 0 = --- + --- + 


10-9-1 


* 0, and 0 » 90®. 


/14 /14 >/35 /l4 v /35 /Xi 


Or, by using the direction numbers (2,3,-1, and 5,-3,1) of the lines, we get 
2(5) + 3(-3) + <-l)(l) = 0. Hence the lines are perpendicular. 



)raw the graph of the line 3x-2y + 32-4 *0, x-2y-z+4=0. 

Find two of the pierce points of the line, then connect 
:hese points. 

To find where the line pierces the xy-plane, let 2 - 0. 


rhen 


3x - 2y = 4 
X - 2y = -4 


Solving, x=4, y=4. Hence (4,4,0) is the xy-piercing point. 
Similarly, the yz-piercing point is (0,1,2). 



6a Find the point where the line x + 2y — 2 —6=0, 2x—y + 32 + 13=0 pierces the plane 
3x - 2y + 3z + 16 = 0. 

Since the piercing point must satisfy all three equations, the problem is the solution 
of three simultaneous linear equations. If 2 is eliminated between the equations, we ob- 
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tain two equations 3x + 2 y - 1 = 0 , x - y + 3 = 0 . 

Solving these two equations, we obtain x = -1, y = 2. Substituting these values in 
X + 2y - 2 - 6 = 0, we find z = -3. Hence the line pierces the plane in point (-l,2»-3>. 


7- Show that the lines represented by each of the following pairs of planes intersect: 

x-y- 2_7 = 0. 3x-4y-ll=0, and x + 2 y- 2 -l= 0 , x + y+l=0. 

Let be the coordinates of the point of intersection of the two lines. This 

point must satisfy the equation of each of the planes. Hence: 

(1> - yi - = 7 

(2) 3ii - 4yi = 11 

(3) Xj + 2yi - 2i = 1 

(4) xi + Yi = -1. 

Subtracting (3) from (l) gives yj^ = -2. Substituting this value for y^ in (4), we 
obtain = 1 , Substituting these values in (l), - - 4 , 

The point of intersection is (l,-2i-4). 


8. Find the angle between the line x + 2y - 2 + 3 =0, 2x“y + 32 + 5 = 0, and the plane 
3x - 4y + 22 - 5 = 0. 

To obtain the direction numbers of the line: 

or 6-1, -2-3, -1-4, or 5 , -5.-5, or 1, -1,- 1 . 

The angle between the line and the plane will be the complement of the angle 0 be¬ 
tween the line and the normal to the plane. The direction numbers of the normal are 3,-4,2. 

cose = 3(1) - 4(-l) + 2(-l) ^ 

/3 /87 

The angle between the line and the plane is 32°25\ 



Hence 0 - 57°35'. 


9* Find the symmetric equations of the line of intersection of the planes 

2x-3y+ 32 - 4 = 0 
x+2y- 2 + 3 = 0. 

Eliminating 2 and y in turn between the given equations, we obtain 

5x + 3y + 5 = 0 and 7x + 32 + 1=0. 

Equating the values of x from the two equations, we obtain 


. 3y + 5 32+1 X 

” —5 -7 or — = 


y + I z + i 


5 

3 


or f ^ 

7 3-5 


2 + i 

3 

-7 


This represents a line through (0, ~ ^ “ 4^ having direction numbers 3, 

s s 


-5, -7. 


10. 


Write in parametric form the equations of the line of intersection of the planes 

3x + 3y - 42 + 7 = 0 and x+ 6 y+ 22 - 6 = 0 . 

Eliminating y and z in turn between the given equations, we obtain 

X - 22 + 4 = 0 and x + 3y - 1 = 0. 

Equating the values of x in the two equations, we have — = — -^ • 

6 *^2 3 

If we now set these ratios equal to a parameter t, we obtain the parametric form of 


the equations of the given line: x = 6t, y = i - 2f, z = 2 + 3t. 

3 
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H* Find the eQHations of the projection planes of the line of intersection of the planes 

2x + 3y - 52 + 6 = 0 
3x-2y+ 2-8 = 0. 

To find the projection planes, eliminate 2 , y, andx in turn between the two equations 
to obtain 17x-7y-34 =0, 13x-72 -12 = 0, and 13y- 172 +34 =0 as the projection planes 

of the line on the xy-, x 2 - and y 2 -planes respectively. 

12. Write the equations of the line through (l,-2.2) with direction angles 60°, 120°, 45°. 

use to obtain 

cos a cos p cos y 

_izi_. or or 

cos 60° cos 120° cos 45° ^ ^ v/2 


13 . Write the equations of the line passing through (-2,1,3) and (4,2.-2). 


Use 


^ to get 

2.,-2, 4 + 2 2-1 -2-3 


or 


Xg-Xi 


ya-yi 


X + 2 _ y - 1 ^ 2-3 

6 1-5 


14. Find the equations of the line passing through (1,-3,4) and perpendicular to the plane 
X - 3y + 22 * 4 . 


The direction numbers of the line are 1, -3, 2. 


The required equations are 


X - 1 ^ y + 3 . 2 -4 ^ 


-3 


or 3x + y = 0, 2y + 32 - 6 = 0. 


15 . Find the equation of the plane containing the lines 

and i-i 

4 2 3 5 

Note that the lines intersect in the point (2, -1,2). 


y + 1 2-2 

s -- -■ 

4 3 


Use the equation Ax + By + C 2 + i) * 0. Since each line lies in the plane, it is per¬ 
pendicular to the normal to the plane. Hence, 

4A + 2B + 3C = 0, 

5A + 4B + 3C s 0. 


Also, the point (1,-1,2) lies in the plane. Therefore, 

A-B + 2C + Z) = 0. 

Since we have four unknowns and only three equations, find three of the unknowns in 
terms of the fourth. 

Determine A, C, D in terms of B: A = -26, C = 2B, Z) = -B, Substituting these values 
in the general equation and dividing through by B. we obtain 2 x-y -22 + 1*0. 


SUPPLEMENTARY PROBLEMS 


1. Find the coordinates of the point on the line 

(а) 2 x - y + 2 - 5 = 0, X + 2y - 22 - 5 = 0, for 2 = 1. 

(б) 4x - 3y + 22 - 7 = 0, x + 4y - 2 - 5 = 0, for y = 2. 

(c) = yJLl = iJli , for * = 3 . 

' ' 3 -2 2 

(d) 2x * 3y - 1, 32 = 4 - 2y, for x = 4. 

(e) X s 4-3t, y*-l + 4t, 2 = 2t-3, for t = 3. 


Aas. (3,2,1) 

Ans. (7/6, 2. 25/6) 

Ans. (3, -14/3, 5/3) 

Ans, (4, 3, -2/3) 
Ans. (-5, 11, 3) 
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Find the points in which each of the following lines pierce the coordinate planes. Plot 
the lines by joining two of the pierce points. 


(a) 

X -2y + 

2=0, 3x + 

y + 

22 = 7. 

4ns, 

(2,1,0), 

(7,0,-7), 

(0 

, 7/5, 14/5) 

(6) 

2x - y + 

3z + 1 = 0, 

5x 

+ 4y — 2 — 6 = 0. 

4ns, 

2 17 ^ 

' 13 * 13 ’ 

0), (1,0,- 

1) 


(c) 

X - 1 _ 

2 

y + 3 _ 2 - 
1 

- 6 

•1 


4ns. 

(13,3,0). 

. (7,0,3), 

(0 

,-7/2, 13/2) 

id) 

2x + 3y 

-2=0, y - 

- 3z 

+ 4 = 0. 

4ns. 

(7,-4.0). 

. (1,0,4/3) 

9 

(0, 2/3, 14/9) 

(e) 

X + 2y - 

6 = 0, z = 

4. 


4ns. 

(6,0,4), 

(0,3,4) 




3. Find the direction numbers and the direction cosines for the lines: 

2-15 


(a) 

3x 

+ y - 2 - 

• 8 = 

0. 

4x - 

7y - 

-32 + 1 

= 0. 

4ns, 

2, 

-1, 5 ; 

1 

(6) 

2x 

- 3y + 9 

= 0, 

2x 

- V 

+ 82 

0 

II 

• 

4ns. 

6. 

4, - 1 : 

1 

(c) 

3x - 

-4y + 22 

-7 = 

0. 

2x + 

y 

32-11 = 

0. 

4ns, 

14 

, 5, -n: 

id) 

X - 

y + 2z - 

- 1 = 

0. 

2x - 

• 3y - 

1 

N 

1 

= 0. 

4ns. 

11 

, 9. - 1 ; 

ie) 

3x 

- 2y + 2 

+ 4 

= 0, 

2x 

+ 2y 

CO 

1 

N 

1 

= 0. 

4ns. 

0, 

1 , 2 ; 0 


-1 


14 


-11 


3i/^ 3i/38 3 ^ 

11 9 -1 


v/203 

_L A 

/5 

4. Find the acute angle between the lines x-2y + z-2=0, 2y-2-1=0 

and x-2y + 2-2=0, x-2y + 2z-4=0. i4ns. 78*^27,8* 

5* Find the acute angle between the lines 


6. Find the acute angle between the lines 
2x + 2y + 2-4=0, x-3y + 22=0 and 


x-l ^ y.2 ^ .-4 

x + 2 _ y-3 

2+4 

6-3 6 

3 6 

4ns. 

-2 

79°T 

x-2 _ y + 2 _ 2-4 

4ns. 

49°26.5' 


7. Find the acute angle between the line LJlI s 1 —1 s f —- and the plane 2 x- 2 y + 2-3=0. 

3 6-6 

4ns. 26°23.3' 

8. Find the acute angle between the line joining the points (3,4.2),(2,3,-1) and the line 

joining the points (1,-2,3). (-2,-3,!). 4ns. 36°19' 

9- Show that the line ^ ^ ^ ^ is parallel to the plane 6x + 7y — 52 — 8 = 0. 

10. Write the equations of the line through the point (2,1,-2) and perpendicular to the plane 
3x-5y+2z + 4 = 0. x-2 y-l _2 + 2 


11 . 


4ns, 


Write the equations of the line through 

(а) (2,-1,3) parallel to the x-axis, 

(б) (2,-1,3) parallel to the y-axis. 

(c) (2,-1,3) parallel to the z-axis, 

(d) (2,-1,3), cos a = i , cos p = 1 . 

^ O 


-5 


4ns. y+l=0, 2—3=0 

4ns. X— 2=0, z—3=0 

4ns, X— 2=0, y+l=0 

, x-2 y+1 z-3 

4ns,-= - - ^ - 


12 . 


13. 


3 2 ± 1/23 

Write the equations of the line through the point (-6,4,1) and perpendicular to the plane 
3x - 2y + 5z + 8 = 0. 4ns. 2x + 3y = 0, 5y + 2z - 22 = 0 

Write the equations of the line through (2,0,-3) perpendicular to the plane 2x-3y + 6=0. 

4ns, 3x+2y-6=0, 2+3=0 
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14. Write the equations of the line through the point (1,-2,-3) perpendicular to the plane 


* - 3y + 22 + 4 = 0. 


4ns. 


X - I _ y + 2 ^ 2+3 
“T“ " -3 ” 2 


4ns. 


x-2 _y + 3 _ 2-4 
3 “ 5 ■ -5 


16. 


(a) (1,2,3) and (-2,3,3). 

(b) (-2,2,-3) and (2,-2,3). 

(c) (2,3,4) and (2,-3,-4). 

(d) (1,0,3) and (2,0,3). 


the 

points 

(2,- 

-3,4) and (5 

,2.-1). 

the 

points 






4ns. 

X + 

3v - 7 

= 0. 

z = 3 


4ns. 

X + 

y = 0, 

3y 

o 

II 

N 


4ns. 

X — 

2 = 0, 

4y 

- 3z = 0 


4ns, 

y = 

0, 2 = 

= 3 


form. 

4ns. 

X = 

2.It, 

y = 


2 • 




17. Write the equations of the line through (l,-2,3) and parallel to each of the planes 
2x-4y + 2 - 3 = 0 and x + 2y - 62 + 4 = 0. x - 1 _ y + 2 ^ ^ -3 


22 


13 


8 


18. Write the equations of the line through (l,4,-2) and parallel to each of the planes 


6x + 2y + 22 + 3 = 0 and 3x-5y-22-l = 0. 


4ns, 


X -1 _ y -4 . z±2 


19. 


13-6 

Write the equations cf the line through (-2,4,3) parallel to the line through (1,3,4) 
and (-2,2,3). x-3y+14 = 0, y-z-l = 0 

20. Write the equations of the line through (3,-1,4) perpendicular to the lines whose di¬ 
rection numbers are 3, 2, —4 and 2, -3, 2. a z ^3 _ y s ^ 

8 14 13 

21. Write the equations of the line through (2,2,-3) perpendicular to the lines whose di¬ 
rection numbers are 2, -1, 3 and —1. 2, 0. 4ns. x — 2y+2-0, y+z + l- O 

22. Write the equations of the line through (2.-2,4) with direction angles 120°, 60°, 45°. 


4ns. 


x-2 ^ y + 2 _ 2-4 


23. 


-1 1 

Write the equations of the line through (-2,1,3) with direction angles 135°. 60°, 120 

. *+2_y-l_ ^-3 


-y2 


-1 


24. Write the equations of the line through 

(a) (0,2,-l) with direction numbers 1, -3, 4. 

(b) (-l,l,-3) withdirection numbers i/2, 3,-4 


, X y - 2 2 + 1 

, x+1 y-1 _ 2+3 

Ans« — “ — ^ 

/2 3 


(c) (0,0,0) with direction numbers 1, 1, 1. 

(d) (-2,3,2) with direction numbers 0, 2. 1. 

(e) (1,-1,6) with direction numbers 2, -1, 1. 

s - iz « 34 perpendicular to the line 


4ns, X = y = 2 

4ns, x+2=0, y— 22 +1=0 
4ns, X = 22 - 11, y = -2 + 5 


2 15 

25. Show that the line x * ;^z + — » y rj- fj 
X - y - z - 7 = 0, 3 x - 4y - 11 = 0. 

7»r — 1*5 7v + 34 2 

26. Show that the lines x + 2y-2-l=0, x+y+l=0 and —-— = _g ■ = j perpen¬ 

dicular. 

27. Show that the lines 3x-2y+13=0, y + 32 -26 =0 and = 1— = L— are perpen¬ 

dicular. 
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28. Show that the lines and 3x + 5y + 7 = 0, y + 3z - 10 = 0 are perpen 

dicular. 


29. Show that the lines x-2y + 2= 0, 2y+ 2+ 4= 0 and 7jr + 4y - 15 = 0, y + 142 + 40 =0 are per¬ 
pendicular. 

30. Show that the line lies in the plane 3x-8y + 2z-8 = 0. To show 

that a line lies in a plane it is necessary to show that two points on the line lie in 
the plane, or that one point of the line lies in the plane and the line is perpendicular 
to the normal to the plane. 

31. Show that the line y -2x + 5=0, z -3x -4 = 0 lies in the plane 9x + 3y -oz + 35 = 0. 

32. Show that the line jc- 2-4 = 0, y-2z-3 = 0 lies in the plane 2x + 3y —8z-17 = 0. 

33 . Show that the line ^ ~ ^ ^ lies in the plane 2 j: + 3y - 2z + 10 = 0. 

34 . Find the coordinates of the point in which the line 2x-y-2z-5 = 0, 4x + y + 3z-l = 0 
pierces the plane 8x-y + 2-5 = 0. 4ns, (3/2, 4,-*3) 

35 . Find the point in which the line x=z + 2, y=-3z + l pierces the plane x-2y-7 = 0. 
4ns. (3,-2,1) 

36. Find the point in which the line ^ ^ ^ pierces the plane 4x-2y + 2-3 = 0. 

4ns. (1,2,3) 

37 . Find the point in which the line x + 2y + 4z-2=0, 2x + 3y-2z + 3=0 pierces the plane 
2x-y + 42+8=0. 4ns. (-4, 2, 1/2) 

38. Find the equations of the line lying in the plane x+3y-z+4 = 0 and perpendicular to 
the line x-2z-3=0, y- 22=0 at the point where the line meets the plane. 

4ns. 3x + 5y + 7 = 0, 4x + 5z + 1 = 0 

39. Show that the points (2,-3,1), (5, 4, -4) and (8. 11,-9) lie in a straight line. 

40. Find the point of intersection of the lines 2x+y-5=0, 3x + 2 - 14 = 0 and x-4y-7=0, 
5x + 4z — 35 = 0. 4ns. (3, —1, 5) 

41. Find the point of intersection of the lines x-y -2 + 8 = 0 , 5x+y+2+10 = 0 and 

x + y + z- 2=0, 2x + y- 3z+9=0. 4ns. (-3, 3, 2) 

42. Find the point of intersection of the lines x+5y-7z + 1 = 0, lOx - 23y + 402 - 27 = 0 and 
x-y + 2 + l=0, 2x + y-22 + 2=0. 4ns. (-1/38, 148/38, 111/38) 


43 . Find in symmetric form the equation of the locus of points equidistant from the points 
(3,-1,2), (4,-6,-5) and (0,0,-3). ^ y + 175/32 ^ 2 + 19/32 



Find in symmetric form the equation of the locus of 
the points (3,-2,4), (5,3,-2) and (0,4,2). . 


points which 

X - 18/11 
26 


are equidistant from 
y _ 2 + 9/44 
22 " 27 



CHAPTER 15 


Surfaces 


QUADRIC SURFACES. The surface defined by an equation of the second decree in 
three variables is called a quadric surface or conicoid. Any plane sec¬ 
tion of a quadric surface is a conic or a limiting form of a conic. 

The most general equation of the second degree in three variables is 
of the form Ax^ + By^ + Cz^ + Dxy + Exz + Fyz + Gx + Hy Iz + K = 0. 

By rotation or translation of axes, or both, the general equation can 

be converted into one of the two types: 

(1) Ax^ + By^ + Cz^ = D 

(2) Ax^ + By^ + Iz =0. 

If none of the constants in (1) or (2) is zero, the equation may be 
written in one of the two forms: 


(3) ± 


1 


x^ 

(4) ± ^ ± 



z 

c 




Now (3) can represent only three fundamentally distinct surfaces, whose 

equations have the form 



Since all surfaces in (5) are symmetrical with respect to the origin, 
they are called central quadrics. 

The two surfaces represented by (4) are non-central quadrics. 


THE SPHERE. If a = fa = c in ^ ^ = 1. the equation can be written 

3 D C 

x* + y* + z* = a*, the equation of a sphere with center at (0,0,0) and 

I*&dlUS 3 • 

If the center of the sphere is (h,k,j) the equation has the form 

(x-/i)2 + (y-/c)2 + (z-»=^ = a^. 


THE ELLIPSOID. If a, b,c are unequal, the equa- 


2 2 2 

tion — + iL + — = 1 represents the gen- 
a* c" 

eral case. If a ^ b, but b = c, the ellip¬ 
soid is an ellipsoid of revolution. 


If the center of the ellipsoid is at 
and its axes are parallel to the 
coordinate axes, the equation has the form 


2 


(y-/c)2 


1. 

c 


a- b^ 

If the center is at the origin this equation 



becomes 
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HYPERBOLOID OP ONE SHEET 


2 2 
as ^ ^ 


— 1, the surface is called a hyperboloid of one sheet. 


If a=b, the surface is the hyperboloid of revolution of one sheet. 


Sections parallel to the xz- and yz-planes are hyperbolas. Sections 
parallel to the xy-plane are ellipses except in the hyperboloid of rev¬ 
olution, where the sections are circles. 



Hyperboloid of One Sheet, Hyperboloid of Iwo Sheets, 


HYPERBOLOID OP TWO SHEETS. The equation ^ ^ _ fl = 1 represents a byper- 

a b c 

boloid of tv/o sheets. The equation is the same as that of the ellipsoid, 

with the signs of two variables changed. If b=c, the surface is a sur¬ 
face of revolution. 

Sections parallel to the xy- and xz-planes are hyperbolas. Sections 
parallel to the yz-plane are ellipses except in the hyperboloid of rev¬ 
olution, where the sections are circles, 

ELLIPTIC PARABOLOID. This is the locus of an equation of the form — + = 2cz. 

b^ 

The section by a plane z = k is an ellipse which increases in size as 
the cutting plane recedes from the xy-plane. 

If c>0, thesurface lies wholly above the 

xy-plane. If c<o» the surface lies wholly 
below the xy-plane. 

Sections made by planes parallel to the 
xz- or yz-planes are parabolas. 

If a =6, thesurface is a surface of rev¬ 
olution. 



HYPERBOLIC PARABOLOID. This is the locus of an equation of the form 

x^ y^ 

~2 - 77 = 2cz, (c >0). 
a b 

The section made by a plane z=k if k>o is a hyperbola whose transverse 
and conjugate axes are parallel to the x- and y-axes respectively and 
increase with k, if k <o, the transverse and conjugate axes are parallel 
to the y- and x-axes respectively. It k = o, the trace is the pair of 
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straight lines ^ ^ = 0. 

b 

The section made by a plane y=k is a parabola open upward, and that 
made by a plane x-k is a parabola open downward. 



Hyperbolic Paraboloid* 


Bight Circular Cone* 


RIGHT CIRCULAR CONE, =0. ^ u 

This surface can be regarded as a surface of revolution generated by 

revolving a straight line y = kx about the z-axis. 

Any liorizontal section made by a plane parallel to the xy-plane is a 
circle. Any section made by a plane parallel to the yz-plane or to the 
xz-plane is a hyperbola. 

CYLINDRICAL SURFACE. A cylindrical surface is generated by a straight line 
which moves along a fixed curve and remains parallel to a fixed straight 
line. The fixed curve is called the directrix 
of the surface and the moving line is the ^en- 2 

eratrix of the surface. 

A cylindrical surface whose generatrix is 
parallel to one of the coordinate axes and whose 
directrix is a curve in the coordinate plane 
that is perpendicular to the generatrix, has 
the same equation as the directrix. 

2 2 

If the directrix is the ellipse ^ ^ 

^ b 

2 2 

the equation of the cylinder is ~ ~ = 1- 

a b 



SOLVED PROBLEMS 

1. Find the equation of the sphere with its center at (-2,1.-3) and radius 4. 

Substituting in (x+ (y-k)^ + {z-j'? - a^, we have 

{x + 2)^ + (y-1)^ + (2 + 3)^ = 4^. 

Expanding and collecting terms, x^ + + 4 x - 2y + 62 - 2 = 0. 

2. Find the equation of the sphere with its center at (3,6,-4) and tangent to the plane 

2x - 2y - z - 10 « 0. 
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The radius a = 


2(3) -2(6) -l(-4) -10 


(x-3)^ + (y- 6 )^ + (z+4)^ = 16, or - 6 x - 12y + 82 + 45 = 0. 


= 4. Hence the required equation is 
2 . -2 


3 . Find the equation of the sphere through the points (7.9,1), (-2,-3,2), (1,5,5), (-6,2,5). 

Use + (^x + ffy + J 2 + /( = 0 . Substitute in turn the coordinates of the 

four points, 

7G + 9 // + I K = -131 

-2G - 3H + 2I + K = - 17 

G + 5H + 51 + K = - 51 

-6G + 2H + 51 + K ~ - 65. 

Solving these four equations simultaneously, G = 8, // = -14, I = 18, ^ = -79. 
Substitute these values in the general equation to obtain the required equation 

+ y2 + 2^ + 8 x - 14y + 182 - 79 = 0. 

4. Find the coordinates of the center and the radius of the sphere 

~ Gx + - 3z = 15. 


Complete the squares of the terms in x, y, and z separately and compare with 

(X -h)‘^+ (y^kf + (2 ->)2 




x^-6x+9 + y^+4y + 4 + 2 ^- 32 +- = — 

4 4 


or (x-3)^ + (y + 2)^ + (z - |)^ = (11)^ 


The sphere has center (3, -2, ~) and radius — 

2 2 


5 . Find the locus of a point whose distances from (-2,2,-2) and (3, 
2 : 3 numerically. 


-3,3) are in the ratio 


/(X + 2f + (y - 2f + (2 + 2 )^ 2 

/(x - 3)^ + (y + 3)^ + (2 - 3 )^ ^ 

Squaring, cross multiplying, and collecting terms, we obtain 
X + y + 2 ^ + 12 x - 12 y + I2z = 0 , a sphere with center (- 6 , 6 ,- 6 ) and radius 6 / 3 . 


6 . Discuss and sketch the surface — + 2L + 

25 


2 
16 


* 1 . 


This surface is symmetric with respect to each 
of the coordinate planes and the origin. 

The intercepts are ±5 on the x>axis, ±4 on the 
y-axis, and ±3 on the z-axis. 

Its trace in the xy-plane is the ellipse 

2 2 
X Y 

^ = 1 with semi-axes 5 and 4 . Similarly, 

its traces in the x 2 - and yz-planes are ellipses. 
This surface is an ellipsoid. 



7 . By completing squares in x, y, and z, show that the following equation represents an el 
lipsoid. Locate the center and determine the lengths of the semi-axes. 

2x^ + 3y^ + 2^ _ 8x + 6y - 4z - 3 = 0. 

2(x^ - 4x + 4) + 3(y^ + 2y + 1) + (z^ - 42 + 4) = 3 + 8 + 3 + 4 = 18 . 


or 


2(x - 2f + 3(y + 1)^ + (z - 2)* = 18. 
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2 2 2 

Dividing the equation by 18, we obtain rl"" 

9 o lo 

an ellipsoid with center at (2,-1,2) and semi-axes 3, i/ 6 , 3/2. 


= 1 , 


8 . Show that the locus of a point which moves so that the sum of its distances from (2,3,4) 
and (2,-3,4) is 8 , is an ellipsoid. Find its center and the lengths of the semi-axes. 


/(X - 2>^ + (y - 3)^ + (z - 4)^ + Ax - - ^ - ^ 


2) + (y + 3) + (2 - 4) =8 




^ = 8 -/(X - 2)^ + (y + 3)^ + (2 - 4)^ 


or /(x - 2) + (y - 3) + (2 - 4) 

Squaring and collecting terms, 3y + 16 = 4 /(x - 2)^ + (y + 3)^ + (z - 4)^. 
Squaring and collecting terms, 16x^ + 7y^ + 162 ^ — 64x — 1282 + 208 = 0. 


222 

Completing the squares in x,y, 2 , this becomes -- 

7 lo / 


= U 


an ellipsoid of revolution with center at (2,0,4) and semi-axes /7, 4, /7. Sections of 
the surface parallel to the xz-plane are circles. 

9- Find the equation of the ellipsoid which passes through (2,2,4), (0,0,6), (2,4,2) and 
has the coordinate planes as planes of symmetry. 

222 

Use fL- + 2L_ + £_ = 1 and substitute the coordinates of the given points for x,y, 2 , 

2 t 2 2 

a o c 


Then 4 + 4 ^ 1| ^ 
a 0 c 


0 4. -2. + ^ - 1 

a b e 


and -i + l|+-i=l 
2 ,2 2 

a 0 c 


Solving for a^, 6 ^ and c^, we obtain =9, = 36, = 36. 

2 2 2 

Substituting, — + ^ ^ * 1» or 4x^ + y* + 2 ^ * 36. 

9 00 00 


2 2 2 

X* y ^ 2 ^ 

10 . Discuss and sketch the locus of 

9 4 16 


= 1 . 


This surface is symmetric about each of the co¬ 
ordinate planes and the origin. 

The X- and y-intercepts are ± 3 and ± 2 respec¬ 
tively. There is no 2 -intercept. 

The sections by planes z - k are ellipses with 
centers on the z-axis. These ellipses increase in 
size as k increases numerically. 

The sections of this surface by planes parallel 
to the x 2 - or yz-planes are hyperbolas. 

This surface is a hyperboloid of one sheet. 



11. By completing the squares in x,y,z, determine the nature of the surface whose equation 
is 3x^ + 4y* — 2 z^ + 6 x — 16y + 82 = 13. 

3(*^ + 2x + 1) + 4(y^ - 4y + 4) - 2 ( 2 ® - 42 + 4) = 13 +11 = 24 , 


or 


(X + D® ^ (y - 2)® 


8 


(2 - 2) 
12 


» 1 . 
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This is a hyperboloid of one sheet with center at <-1,2,2) and axis parallel to the 
2 -axis. Sections by planes parallel to the xy-plane are ellipses. Sections by planes 
parallel to the xz- or yz-planes are hyperbolas. 


x2 2 ^2 

12. Discuss and sketch the locus of -- ^ -- i. 

9 4 16 

This surface is synunetric about each of the 
coordinate planes and the origin. 

Its intercepts on the x-axis are ±3. It has no 
y- or 2 -intercepts. 

Sections of this surface by planes parallel to 
the xy- and x 2 -planes are hyperbolas. Sections by 
planes parallel to the yz-plane are ellipses. 

This surface is a hyperboloid of two sheets. 



13* By completing the squares in x,y, 2 , determine the nature of the surface whose equation 
is 2 x^ - 3y^ - 22 ^ - 8 x + 6 y - 122 - 21 = 0 . 

2(x^-4x+ 4) -3(y^-2y + 1) -2(2^ + 62 +9) = 8 . or -= l, 

4 o/ o 4 

a hyperboloid of two sheets with center at (2,1,-3) and transverse axis parallel to the 
X-axis. 


14. Find the equation of the locus of a point, the difference of whose distances from (-4,3,1) 
(4,3,1) is 6 . 

/(X + 4)^ + (y - 3)^ + (2 - if - i/u - 4)^ + (y - 3)^ + (2 - 1 )^ = 6, 

/(x ^ 4)^ + (y - 3)^ + (2 - if = 6 + /(x - 4)^ + (y - 3)^ + (2 - 1 )^ . 

Squaring and collecting terms, 4x-9 = S^ix - 4)^ + (y - 3)^ + (z - 1)^. 

Squaring and collecting terms, 7x^ - 9y^ - 92^ + 54y + I 82 = 153. 

2 2 2 

Completing the squares in x,y,z, ~ -~ - ~ = 1 , a hyperboloid 

9 7 7 

of two sheets with center at (0,3,1) and transverse axis parallel to the x-axls. Since 

sections parallel to the yz-plane are circles, thesiurface is a hyperboloid of revolution 

of two sheets. 

15 . Find the equation of the locus of a point whose distance from (2,-1,3) is twice its dis¬ 
tance from the x-axis. 

/(X - 2f + (y + 1)^ + (z - 3)^ = 2 /y^ + 2 ^. 

Squaring and collecting terms, x^ - 3 y^ - 3z^ - 4 x + 2 y - 62 = -14. 

Completing the squares, (x - 2)^ - 3(y - 1/3)^ - 3(2 +1)^ = - 40/3, 

or (y - 1/3) ^ i f- - ~ = 1 , a hyperboloid of 

« « 

9 9 3 

revolution of one sheet, center at (2, 1/3,-1), revolution about the x-axis. 


and 


or 
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5* Discuss and sketch the locus of + 2 ^ * 4x. 

This surface is symmetric about the xz- and xy 
planes, and about the x^axis. 

The intercept on each axis is zero. 


The traces are respectively the point circle 
y* + 2 ^ = 0, and the parabolas 2 ^ = 4x and y^ = 4x. 

Since x can have no negative value, the surface 
lies wholly to the right of the yz-plane. Sections 
of this surface by planes parallel to the yz-plane 
are circles. Sections by planes parallel to the xy- 

or xz-planes are parabolas. This surface is a paraboloid of revolution 



7- Find the equation of the paraboloid with vertex at 0, 
axis OZ, and passing through (3,0,1) and (3,2,2). 

Use the equation Ax^ + By^ ~ Cz* Substituting 
the coordinates of the given points, we obtain 

(1) 9A + OB = C, or 9A = C 

(2) 94 + 4B = 2C. 


Solving, 4 = C/9, B - C/4. Substituting these values 
for 4 and B in Ax^ + By^ = Cz, the required equation 

is Ax^ + 9y^ = 362 or — + ^ . an elliptic 

9 4 1 


paraboloid. 



.8. Find the equation of the locus of a point the square of whose distance fromthe x-axis is 
always three times its distance from the yz-plane. 

Let (*,y,z) represent the point. Then y^ + z^ = 3x. 

This surface is a paraboloid of revolution, symmetric about the x-axis. 


l 9* By completing the squares in x and y locate the vertex of the elliptic paraboloid 

3x^ + 2y^ - 12z - 6x + 8y - 13 = 0. 


or 


3(x^ - 2x + 1) + 2(y^ + 4y + 4) 

3(2 - 1)^ + 2(y + 2)^ = 12(z +2), or 
The vertex is at (1,-2,-2). 


= 122+13+11 = 

(X - 1)^ ^ (y + 

4 6 


122 + 24, 

2+2 

S * 

1 


JO. Discuss and Identify the following surface: 9x^ — 4y^ = 36 z. 

The surface is symmetric about the xz-plane and yz-plane and the z-axis. 

The intercept on each axis is zero. ^ 

If z = 0, the trace on the xy-plane is a pair of intersecting lines 9x^ - 4y = 0, 

or 3x + 2y = 0 and 3 x - 2y = 0. 

If y = 0, the trace on the xz-plane is the parabola 9x^ = 36z, or x^ = 4z. This pa¬ 
rabola has its vertex at the origin and is open upward. 

If X » 0, the trace on the yz-plane is the parabola -4y^ = 36z, or y^ = -9z. This 
parabola has its vertex at the origin but opens downward. 

Sections of this surface by a plane 2 * fe are hyperbolas. If k is positive the trans¬ 
verse axis of the hyperbola is parallel to the x-axis. If k is negative the transverse 
axis of the hyperbola is paraLlel to the y-axis. Similarly, sections parallel to the 
xz-plane and parallel to the yz-plane are parabolas. 

This surface is a hyperbolic paraboloid. 
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21, Find the equation of a paraboloid with vertex at (0»0,0). axis OY, and passing through 
(1,-2,1) and (-3,-3,2). 

Use the equation + Ci^ - By, Substituting the coordinates of the two points, 

4 + C = -2B 
94 + 4C = -3B. 

Solving for 4 and C in terms of B, 4 = B, C = -3B. 

Substitute these values for 4 and C, and divide the resulting equation through by 
B to obtain - 3z^ = y, a hyperbolic paraboloid. 

22, Discuss and sketch the locus of the cone 2y^ + 3z^ - = 0. 

This surface is symmetric about each of the coordinate planes and the origin. 

The intercept on each of the axes is zero. 

If X = 0, there is no trace on the yz-plane. 

If y = 0, the trace on the x 2 -plane is the pair 
of intersecting lines 32 ^-x^ = 0 or /3z + x = 0, 

/32 - X = 0. 

If 2 = 0, the trace on the xy-plane is the pair 
of intersecting lines 2y^-x^ * 0 or v/2y + x = 0, 
v/2y - X = 0. 

Sections of this surface by the plane x»fe will 
be ellipses for all values of k different from zero. 

Similarly, sections of this surface by planes par¬ 
allel to the xy- or x 2 -planes will be hyperbolas. 



23 * A point moves so that its distance from the y-axis is always 3 times its distance from 
the 2 -axis. Find the equation of its locus. Identify the surface, 

+ 2 ^ = 3 /x^ + y^, or x^ + 2 ^ = 9x^ + 9y^. or 8x^ + 9y^ - = 0. 

The surface is a cone with vertex at the origin. The axis of the cone is the z-axis. 



Sketch the locus of the surface + 9y^ = 36. 

This surface is a cylinder with elements parallel to the z-axis, and having the el¬ 
lipse 4x^ + 9y^ * 36 as directrix curve. 



25- Find the equation of the surface of revolution generated by revolving the following el¬ 
lipse about the x-axis: x^ + 42 ^ - 16 = 0. 

Let P(x,y, 2 ) be any point on the surface. PromP drop a perpendicular to the xy-plane. 
In the right triangle 4BP, 4B = y, BP * 2 , 
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Let AP = y'l then + 2 ^ = y'*. But fromthe equationof the ellipse, x = 16-4y' . 
Substituting, we hare = 16 - 4(y^ + or x^ + 4y^ + 42 ^ = 16, an ellipsoid of rev¬ 
olution whose axis is the x»axls. 


^ 6 . 


Find the equation of the surface of revolution generated by revolving the hyperbola 
X* - 2z^ = 1 about the 2 -axis. 

Let P (x,,0,2,) be any point on the hyperbola and P^ 0 , 0 , 2 ,) its projection on the 
2 -axis. When the hyperbola is revolved about the 2 -axis, the point generates a cir¬ 
cle having center P' and radius P^P^. Let P(x,y, 2 ) be any point on this circle, and 

hence any point on the required surface. 

Since = z and P'Pj = P'P, then *i =/(»-0)^+ (y-0)^ + ■ 

In the equation of the hyperbola, - 22? = 1. put = /*"' + y* ^i= ^ 

obtain ** + y* - 22 * = 1, a hyperboloid of one sheet. 


27. 




about the y-axis. 

Let P U y 0) be any point on the line and P' (O-y^.O) its projection on the y-axis. 
when lL unV is'revolved about the y-axis, the point P, generates a circle having cen- 
" Li radLs P'P.. Let P(x.y.2) be any point on this circle, and hence any point 

on the required surface. __ 

Since y. = y and P'P. = P'P. then x. =/*" + ^_ 

in the equation of the line, 22. + 3y. = 6. put x. =“ 
tain 2 v 4*'^ + 3y = 6. Simplifying, this equation reduces to 4x*-9(y-2) +42 = 0. 

a cone with vertex at ( 0 , 2 » 0 ). 


SUPPLEMENTARY PROBLEMS 


1. Find the equations of the following -Pheres. . . , ,2 _ 4 , , 2 y - 62 - 2 = 0 

(а) center (2,-1.3), radius i. ^ ^ ,2 + 2x - 4 y - 82 + 8 = 0 

(б) Center (-1,2,4). radius/I3. 4ns. x + y r 


(c) nLiL the’line’joining (6.2,-5) and (-^0.7)^for 
Id) center (-2.2.3) and passing through the point ^.4.-1). 


^2 + y2 + 22 . 2x - 2y - 22 - 59 * 0 


4ns. x2 + y2 + 22 + 4 x - 4y - 62 - 28 * 0 


(e) Center (6,3,-4) and touching the x-axls. 


— 12x — 6y + 82 + 36 = 0 
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2. Find the equations of each of the following spheres. 

(a) Center (—4i2»3) and tangent to the plane 2x—y— 2z+7=0. 

4ns, + Sx - - ez + 20 = 0 

( 0 ) Center (2,—3»2) and tangent to the plane 6x — 3y + 22 — 8 = 0, 

4ns. 49 j:^ + 49y^ + 492^ - 196x + 294y -1962 + 544 = 0 

(c) Center (1,2,4) and tangent to the plane 3x - 2y + 42 - 7 = 0. 

4ns. 292^ + 29y2 + 292 ^ - 582 - 116y - 2322 + 545 = 0 

(d) Center (—4,—2,3) and tangent to the y 2 -plane. 

4 n 5 . + y^ + + 8x + 4y - 62 + 13 = 0 

(e) Center (0,0,0) and tangent to the plane Qx — 2y + 62 + 11-0, 

4ns, + y^ + z^ = I 

3. Find the equation of each of the following spheres. 

(a) Through the points (1,1,1), (1,2,1), (1,1,2), and (2,1,1). 

4ns. 2 ^ + y2 + 2^ - 32 - 3y - 32 + 6 = 0 

(b) Through the points (2.1,3), (3,-2,1), (-4,1,1), and (l,l,-3). 

4ns. 512^ + 51y^ + 512^ + 45 ^^ + 37 y _ 332 _ 742 = 0 

(c) Through the points (1,3.2), (3,2,-5), (0,1,0), and (0.0,0). 

4ns, llx^ + lly^ + 112 ^ _ 1272 - lly + 32 = 0 

4. Find the coordinates of the center and the radius of the sphere. 

(a) - 2x + 4y - + 8 = 0. /Ins. (1,-2.3), r = 

(b) 3x + 3y + 3z - 8x + 12y - 102 + 10 = 0. Ans. (4/3. -2. 5/3). r = /47/3 

^ 4x - 6y + 82 + 29 = 0. Ans. (-2.3.-4). r = 0 

(d) X + y + 2^ - 6x + 2y - 22 + 18 = 0. Ans. No locus. 

5. Find the equation of the sphere which is tangent to each of the planes x - 22 - 8 = 0 and 
22-2+5-0 and has its center on the line 2 = -2, y = 0. 

4ns. + y^ + + 42 + 62 + 49/5 = 0, 2 ^ + y^ + z^ + 42 + 222 + 481/5 = 0 

6. Find the equation of the sphere which passes through (l.-3,4), (1,-5.2), and (1.-3.0) and 

has Its center in the plane 2 + y + z a o. 

4ns. + y^ + 2 ^ — 22 + 6 y - 42 + 10 = 0 

7 . A point moves so that the sum of the squares of its distances from the three planes 

2 + 4y + 22 - 0, 22 -y + 2 = 0 , and 22 + y - 32 = 0 is 10. Find the equation of its locus. 

4ns. 2^ + + z2 = 10 

8. Find the equation of the locus of a point whose distances from (l,l,-2) and (-2,3,2) are 
in the ratio 3 : 4 numerically. 

4ns. 72^ + 7y^ + 72^ - 682 + 22y + IOO 2 - 57 = 0 



Discuss and sketch each of the following 

(a) 252^ + 16y^ + 42 ^ = iqo. 

(b) 42^ + y^ + 92^ = 144, 

(c) 82 ^ + 2 y^ + 92^ = 144 . 


ellipsoids. 

(d) + 4y^ + 42^ - 122 = 0. 

(e) + 4y^ + 92 ^ = 36. 

(f) + <y - 2)^ . (z - 

^ 36 16 9 




In each of the following equations determine the 
of the semi-axes. 

(a) 2^ + i6y2 + z^ _ 4x + 32y = 5. 

(b) 3x^ + y2 + 22^ + 3x + 3y + 4z = 0, 

(c) 22 + 4y2 + 22 - 42 - 8 y + 82 + 15 = 0 . 

(d) 32^ + 4y2 + z2 _ i2x - 16y + 42 = 4. 

(e) 42^ + 5y^ + 32^ + I2x - 20y + 242 + 77 = q. 


coordinates of the center and the lengths 

4ns. (2,-1,0), 5. 5/4, 5 

4ns. (- 1 / 2 . -3/2,-1). /i^/3, v^, /l0/2 

4ns. (2,1,-4), 3, 3/2, 3 

4ns. (2,2,-2), 2^3, 3, 6 

4ns, Point (-3/2, 2, -4) 
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11. Find the equation of the standard ellipsoid (center at origin, axes parallel tocoordinate 
axes) passing through the points given. Use the form Ax^ +■ By^ + Cz = D, 


(а) (2,-1.1). (-3,0,0), (1,-1,-2). 

(б) (V^, 1, 1), (1, /3, -1), (-1. -l,/5). 
(c) (2,2,2), (3, l,/3), (-2,0,4). 


Ans. 


+ 4y^ + 2^ ^ 9 


Ans. 2x^ + 2 y^ + = 9 

Ans, 2x^ + 3y^ + = 24 


(d) (1,3,4). (3,1,-2/2), the axis of revolution being the x-axis. Ans. 2x + y + z - 27 


Find the 


Find the 


12. A point moves so that the sum of its distances from (0,3,0) and (0,-3,0) is 8. 

equation of the locus. Ans. 16x + 7y + 16 z - 112 

13. A point moves so that the sum of its distances from (3,2,-4) and (3,2.4) is 10. 

equation of its locus. . (x - 3)^ t (y - 2)^ ^ (.z - 0) _ ^ 

Ans . g g 25 

14. A point moves so that the sum of its distances from (-5,0,2) and (5,0,2) is 12. Find the 

^ • . « ^2 **2 <%\2 
eQuation of its locus* 


Ans. 


- 2) 
36 11 11 


= 1 


15. Find the locus of a point whose distance from the yz-plane equals twice its distance from 

the point (1,-2,2). Ans. 3x^ + Ay^ + Az* - 8x + 16y - 16 z + 36 = 0 

16. Find the locus of a point whose distance from the point (2,-3,1) is 1/4 its distance 

from the plane y + 4 = 0. Ans. 16x^ + ISy^" + IBz^ - 64x + 88y - 32 z + 208 = 0 

17. Find the locus of a point whose distance from the x-axis is 3 times its distance from 

(2,3,-3). + 198 = 0 

18. Discuss and sketch the locus of the hyperboloid of one sheet. 

^ ~ I, (d) 16y^ - 36x^ + 9z^ = 144 


X^ y2 

16 ^ “9 


z 

2 


(6) 


^ - 1 
36 16 


x^ y^ 

l6 ^ T 


(z - ir . , 

—M- 


(c) 4x^ — 25y^ + 16 z^ = 100. 


(/) 9y^ - x^ + 4z^ = 36. 


19. Discuss and sketch the locus of the hyperboloid of two sheets. 


jp2 y2 2 ^ 

16 “ "9* “ ^ " 

(6) 36x^ - 4y^ - 92^ = 144. 
(c) 25x^ - 16y^ - 42 ^ = 100 


(d) 


(X ^1) 
16 


25 
2 _ 


= 1 . 


(e) 36y^ - 9x^ - ISz*^ = 144 
(/) 42^ - x^ _ 9y2 = 36. 



etermine the coordinates of the center and discuss the nature of each of the following. 

a) 2x^ — 3y^ + 4z^ - 8x - 6y + 122 — 10 = 0. 

Ans. (2, -1,--). Hyperboloid of one sheet. Axis parallel to y-axis. 

2 

b) x^ + 2 y^ - 3z2 + 4x - 4y - 6z - 9 = 0. , , . . 

Ans. (-2,1,-1). Hyperboloid of one sheet. Axis parallel to z-axis. 

[c) 2x^ - 3y^ - 42® - 12x - 6y - 21 = 0. ,, . ^ 

Ans. (3,-1,0). Hyperboloid of two sheets. Axis parallel to x-axis. 


(d) 4v^ — 3x^ — 62 ^ — I 6 y — 6 x + 362 — 77 - 0. 

Ans. (-1,2,3). Hyperboloid of two sheets. Axis parallel to y-axis, 

(c) 16y^ - 9x^ + 42 ^ - 36x - 64y - 242 = 80. ,, . ^ 

Ans. (— 2f293)> Hyperboloid of one sheet* Axis parallel to x-axls* 

(/) 5z^ - 9x® - 15y* + 54x + 60y + 202 = 166. 

Ans. (3,2,—2). Hyperboloid of two sheets. Axis parallel to z-axis. 

(g) 2x^ - y^ - 3*^ - 8x - 6y + 242 - 49 = 0. Ans, Point (2,-3,4). 
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Find the equation of the locus of a point, the difference of whose distances from (0,0 3) 
and (0,0.-3) is 4. 

52 ^ - 4x^ ~ 4y^ = 20. Hyperboloid of two sheets. Center at the origin. 

Find the equation of the locus of a point the difference of whose distances from (2 —3 4^ 
and (2,3.4) is 5. v • » ^ 

Ans. 44y2-lOOi^- 1002 ^+ 400x + 8002 = 2275. Hyperboloid of two sheets. Center (2,0,4). 

Find the equation of the hyperboloid of one sheet which passes through (4. 2v/3, 0) and 
(“1. 3, 3/6/2), center at (0.0,0), the axis of revolution being the y-axis. 

^05. 2x^ - y^ + 2z^ = 20 . Hyperboloid of revolution of one sheet. 


Find the equation of the hyperboloid of two sheets, center at the origin, axes on the 
coordinate axes, and passing through (3,1,2), (2,/IT. 3). and (6. 2,/l5). 

Ans, 32 - X - 2y = 1 . Hyperboloid of two sheets, transverse axis along the z-axis. 

Discuss and sketch each of the following surfaces. 


(а) 3x^ + 2^ - 4y = 0. 

(б) + 2y^ - 62 = 0. 

(c) - 42^ + 4x = 0. 

(d) x^ + 42 ^ - 16y = 0. 


(e) 4x + - 122 = 0 

(/) 4x^ - y^ - 42 = 0. 

(g) 4z^ + y^ + 2 = 0. 

(h) x^ + 2y^ =8-42. 


Find the equation of the paraboloid with its vertex at (0,0,0), axis along 
and passing through the points ( 2 , 0 , 3 ) and ( 1 , 2 , 3 ). 

Ans, 12x^ + 9y^ - I 62 = 0. Elliptic paraboloid. 


the 2 >axis, 


Find the equation of the paraboloid with vertex at (0,0,0), axis along the z-axis, and 
passing through ( 1 , 0 , 1 ) and ( 0 , 2 , 1 ). 

Ans, Ax^ + ^ == 0, Elliptic paraboloid. 

Find the equation of the paraboloid with vertex at (0,0,0), axis along the z-axis, and 
passing through ( 1 , 2 . 1 ) and ( 2 . 1 , 1 ). 

4ns. + y^ - 52 = 0 . Paraboloid of revolution. 

Find the equation of the paraboloid with vertex at (0,0,0), axis along the y-axis, and 
passing through ( 1 , 1 , 1 ) and ( 3 / 2 , 7 / 12 , 1 / 2 ), 

Ans. + 52 ^ - 6 y = 0. Elliptic paraboloid. 

Find the equation of the paraboloid containing the origin, symmetric about the z-axis, 
and passing through the points ( 1 , 2 , 2 ) and ( 2 , 6 , 8 ). 

4ns. 2 - 2y^ + 4z = 0, hyperbolic paraboloid; 2z^ = z. parabolic cylinder. 

Find the equation of the locus of a point the square of whose distance from the 2 -axis 
is always twice its distance from the zy-plane. 

4ns, X + y — 22 = 0. Paraboloid of revolution about the z-axis. 


By completing the squares locate the vertex of the paraboloid. 

2z + 3 v 2 - ftr + + 32 + 23 = 0. 4n 


(а) 

(б) 


(€) 


2z^ + 


+ Zy^ - 8z + 12y + 

42^ - 4jc _ 242 - y + 36 = 0. 

(c) 32 + 5y^ - 2z + lOy - 122 + 21 = 0. 

(d) y^ - 4z^ + 22 - 6y - 12z + 6 = 0. 

4z^ + 32^ - 4y + 122 + 12 = 0. 


4n 

4n 

4n 

4n 


(2.-2.-1) 
( 1 ,- 2 , 3 ) 
(2,-l,2) 
(-3/2, 3. -3) 
( 0 . 0 .- 2 ) 


Discuss and sketch the locus of each 

(а) + 2 y^ = 42 ^. 

( б ) 3z^ + 2 y^ = 62 ^. 

(c) 2 ^ + y2 = 2z^. 

(d) 3x^ + 42^ * i2y2. 


of the following cones. 

(e) 2 z^ + 3y^ - 6(2 - 4)^ = 0 . 

(/) 2 ^ + 2y^ - 4(x + 3f = 0. 

(g) 3 z^ + 42^ - 12(y - 4 )^ = 0. 
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54. Discuss and sketch the locus of each 

(а) + y2 = 9, 

(б) 4x^ + 9y^ = 36. 

(c) = 4x. 

(d) 16y^ + 92^ = 144. 


the following cylinders. 

(e) x2 _ 9y2 = 36. 

(/) 2 = 4- x^. 

(g) (first quadrant). 


35, Find the equation of each of the surfaces obtained by revolving the following 
about the axis indicated. Name the surface. 


(o) - 22 ^ = 1, about the x-axis. 

Ans, - 2y^ - 22^ = 1. Hyperboloid of two sheets. 

(6) x^ - 22 ^ = 1, about the z-axis. 

4ns, + y^ - 22 ^ = i. Hyperboloid of one sheet. 

(c) X = 4 - y^t about the x-axis, 

4ns. X = 4 - y^ - 2^* Paraboloid. 

(d) 2x - y = 10, about the x-axis. 

4ns. 4(x - 5)^ = y^ + 2 ^. Cone. 

(g) ^2 ^2 . about the z-axis. 

4ns. X* + y^ + 2^ = a^. Sphere. 

</) x^ + 42 ^ = 16, about the 2 -axis. 

4ns. x^ + y^ + 4z^ = 16. Ellipsoid. 

(g) 1. 2x + 3y = 6, about the y-axis. 4ns. 4x^ - 9(y - 2)^ + 42 ^ = o. Cone 

2, What are the coordinates of the vertex of the cone? 4ns. (0,2,0). 

3, What is the curve common to the cone and the plane y = 0? 

4ns. x^ + 2 ^ = 9, a circle of radius 3- 

4 , What is the curve common to the cone and the plane y = 2? 

4ns, x^ + 2 ^ = 0, a point circle, or the vertex of the cone. 

What is the curve common to the cone and the plane x = 0? 

4ns. 3(y — 2) = ± 22 , two straight lines in the yz-plane and intersecting 

point (0,2,0), the vertex of the cone. 


curves 


in the 


5. 



CHAPTER 16 


Other Systems of Coordinates 


POLAR, CYLINDRICAL, AND SPHERICAL COORDINATES. In addition to rectangular co¬ 
ordinates in space, the three other systems of coordinates frequently 
used are polar, cylindrical, and spherical coordinates. 

POLAR COORDINATES. The polar coordinates in space of 
the point P in the adjacent figure are (p, a, 0. y), 
where p is the distance OP, and a, 0, and y are 
the direction angles of OP. The relations con¬ 
necting the polar and rectangular coordinates 
of the point P are 


X = p cos O', y = p cos 0, and z = p cos y. 


= ± / 


+ y^ + z 



cos a = - = 

P 


± /x2+y2+z2 


. cos 0 = ^ = 

p 


A^+y 


+ 2 


» cos Y = - = 

P 


± /x^+y^+z^ 


Since cos^a +cos^0 +cos^y = l. the four coordinates are not indepen¬ 
dent. For example, if a=60'^ and 0=45°, then cos^y = i _ cos^a - cos^e 
= = '/4. Since y 1 I80°. y =60° or 120°. 

CYLINDRICAL COCKDINATES. In the cylindrical coordinate 
system the point P(x,y,z) is located by coordi¬ 
nates p,0,z, where p and 0 are the polar coordi¬ 
nates of the projection Q, of the point P upon the 
xy-plane. These coordinates are written (p,0,z). 

The relations between cylindrical and rectangular 
coordinates are 


X = p COS0, y = p sin0. 


= ±/x2 +y2, 


Z = 2 . 

y 


0 = arc tan - • 

X 



Note that the angle 0 is not restricted in value, so that p may have 
negative values, as in the case of polar coordinates, 

SPHERICAL COORDINATES. Let P(x,y,z) be any point in space, and Q the projec¬ 
tion of the point P upon the xy-plane. Denote the 
distance OP by p as in polar coordinates. Denote 
the angle ZOP by <^. Consider the angle 4> as pos¬ 
itive and 0° ^ 1 180°. Denote the angle XOQ by 

0. The symbols p, 0, and 4> are called the spher¬ 
ical coordinates of the point P, represented by 
P(p,0,<^), p is called the radius vector, 0 the 
longitude, and 4> the co-latitude of P. The angle 
0 may have any value. 

Prom the right triangle OPQ, we have 
Op = p sin 4>, QP = p cos 4>. 
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Prom 

Hence. 


the right triangle OUQ. we have OM = CX? cos 0, MQ - CX? sin 0. 

X = OJf = p sin<^cos0. y = = p sin casino, z= QP = p cos 4>. 

p = ± . 0 = arc tan ^ = arc cos ^ , / ,■ — 


In many problems involving the determination of areas of surfaces or 
of volumes under a surface by methods employed in Calculus the "ork is 
much simplified by the use of Cylindrical or Spherical Coordinates. Cyl¬ 
indrical coordinates are especially useful when a bounding surface 

surface of revolution. 


SOLVED PROBLEMS 


1 . 


Find the polar, cylindrical and spherical coordinates for 
coordinates are (1,—2.2). 


the point whose rectangular 





Polar Coordinates 


Cylindrical Coordinates, Spherical Coordinates, 


Polor Coordinates, p 


= /x2 + y2 + 2== = /l* + (-2f + 2* = = 3. 


a = arc cos 


~ = arc cos i * 70®32', 


3 s arc cos - * arc cos (- - 131^49*, 


2 

Y = arc cos — * arc cos — = 48 li • 
' P 3 


P 3 


Ans, (3, 70°32\ 131 49 . 48 11 ) 


Cylindrical Coordinates, p 


= -/x^ + * »/l^ + (—2)^ * 


0 = arc tan - = arc tan (-2) » 296°34 % z = 2. 

X 


Ans, (y/5» 296°34'. 2) 


Spherical Coordinates, p = ^ = /l* + (-2) + (2) 


* 3. 


I 


O - - I 


0 = arc tan — » arc tan (-*2) = 296 34 » 

X 


2 

d> = arc cos - = arc cos - = 48" 11 

P 3 


Ans. (3, 296^34', 48°ll') 


2. Find rectangular coordinates for the point whose cylindrical coordinates are (6.120 , -2) 
z * p cos e = 6 cos 120° = -3, y = p sin 0 = 6 sin 120° = 3 \/3, z = -2. 

Ans. (-3. 3^/3, -2) 
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3* Find the rectangular coordinates of the point whose spherical coordinates are (4, -45°, 30°) 


X - 

y = 
2 = 


p sin 4> cos 0 
p sin <t> sin 9 
p cos 4> 


4 sin 30° cos (-45°) 
4 sin 30° sin (-45°) 
4 cos 30° 


= / 2 . 

= -v/2. 


Ans. ( 1 / 2 . -v^, 2 / 3 ) 


4* Find the rectangular coordinates of the point having polar coordinates ( 3 , 120°, 120°( 135°). 


X = Q COS a 

y = p cos 0 

2 = p cos Y 


3 cos 120° 
3 cos 120° 
3 cos 135° 


-3/2, 

-3/2. 

-3/5/2. 


2 2 2 ' 


5 . Find the rectangular, polar, and spherical coordinates for a point whose cylindrical co 
ordinates are (6. 120°. 4). 

Rectangular, x = p cos 0 = 6 cos 120 ° = - 3 , 

y = p sin 0 = 6 sin 120° = 3v^. 2 = 4 . Ans. (- 3 , 3vT, 4 ) 

Polar, p = Jx^ + y2 + 2 ^ = y/^ 


a = arc cos — = arc cos 

P 


Y = arc cos - = arc cos 


2 

P 


-3)^ + 

(3/3)^ + 4 

-3 

= 114°35'. 

2/13 


3/3 


= 46°7 , 

2/13 


4 

= 56° 19'. 

2/l3 



Ans. (2/l3, U4°35'. 46°?', 56°19') 


Spherical, 


= /^ + = /(- 3 )^ + ( 3 / 3)2 + 4 ^ 


0 * arc tan - * 

X 


arc tan = 120°. 


-3 

4 


= 2 /I 3 . 


4> = arc cos — = arc cos • 

^ 2/l3 


= 56°19'. Ans. (2/l3, 120° 56°19') 


6 . Transform the equation + y" + 22^ - 2* - 3y - z + 2 = 0 to cylindrical coordinates. 
Use X = p cos 0. y = p sin 0, 2 = 2 . 

Substituting, cos^9 + p^ sin^0 + 22 ^ - 2p cos 0 - 3p sin 0 - 2 + 2 = 0. 

Simplifying, - p (2 cos 0 + 3 sin 0) + 22 ^ - 2 + 2 = 0. 

7* Transform the equation 2x^ + 3y^ — 62 = 0 to spherical coordinates. 

Use X = p sin<p cos 0, y = p sin 0 sin 0, 2 = p cos^. 

Substituting, 2p^ sln^c^ cos^S + 3p^ sin®0 sin^0 - 6p cos <^ = 0. 

or 2p sin^<^ cos^e + 3p sin^c^ sin^G - 6 cos = 0. 


8. change the equation p + 6 sin 4> cos 6 + 4 sin 4> sin 0 — 8 cos <^ = 0 to rectangular co¬ 
ordinates. . 

This equation is expressed in spherical coordinates. Multiply through by p. Using 
values for x,y,z in Problem 7 , we have 
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p* + 6p sin 4> cos 6 + 4p sin (p sin 0 — 8p cos <P - 0* or 

+ 2 ^ + 6i + 4y - 8z = 0. 

This is the equation of a sphere with its center at (-3»-2,4) and radius r = /^. 

9. Change the equation z = p" cos 20 from cylindrical to rectangular coordinates. 

Write cos 20 = cos^0 - sin^0. Then z = p^cos^0 - sin^O) = P^ cos^0 - p^ sin 6, 
Since p cos 0 = * and p sin 0 = y. the required equation is z = - y^. 

10. Change the equation + y^ - z^ = 25 into an equation in polar coordinates. 

In polar coordinates, x = p cos a, y = p cos 0, z = p cos y 

Hence the given equation becomes p^ cos^a + p^ cos^a - p^ cos^Y = 25. 

or p^(cos^a + cos^0 — cos^y) = 25. 

Since cos^a + cos^p + cos^ = 1. the required equation is p"(l - 2 cos^y) = 25 


11, Change the polar coordinate equation cos y = p cos a 

Multiply both sides of the given equation by p. 
Then p cos y = p^ cos ct cos 0. Since p cos y 

required equation is z - xy» 


cos 0 into rectangular coordinates, 
z, p cos a = X, p cos 0 = y. the 


SUPPLEMENTARY PROBLEMS 

1. Find polar coordinates for the following points: 

(a) (0.1.1); (fe) (0.-2.-2); (C) (1.-^2); <6- • >;. 

M*. (a) (/2. 90°. 45°. 45°); (b) (2^2. 90 . 135 .135 ). 

<c) (3. arc cos 1/3, arc cos (-2/3), arc cos 2/3). 

(d) (7, arc cos 6/7, arc cos 3/7, arc cos 2/7); 

(c) (9, arc cos 8/9. arc cos (-4/9), arc cos 1/9). 

2. Find cylindrical coordinates for the points in Problem 

Ans. (a) (1. 90°. 1): (6) <2. 270°. -2): (O 2"' 

(d) ( 3 v/ 5 . arc tani. 2): (e) (4>/5. 2 n - arc tan 2. 1). 

3. Find spherical coordinates for the points in Problem 1. ^ ^^2. arc cos 2/3); 

s •<" ...... 

”r<rsr“."s “ 5;’°'*' 

‘s:vr;,r;L, 

(d) (-3V^/2, 3/2, 0); («) (v2. -1. D* 

Ans. (a) (-3, 3v/3, -2); (b) (v/^2. -V2, 2). {C) k 

(d) (- 4 , 41 / 3 , 3); («) (3v/3, 3, -3). 

6. Find rectangular coordinates for the points whose spheric^ coordinates are: 

<a) (4. 210°. 30°); «.) (3, 120°. 240°); (O (6. 330 . 60 ). 

(d) (5, 150°, 210°); (c) (2. 180 , 270 ). 
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Ans, (a) (-/3, - 1 . 2 ( 6 ) ( 


(d) ( 


5^ 


3v^ 9 3, 
4 ' 4* 2^' 


4* “ 


5/3, 

(e) (2,0.0) 


, ^ ,9 3/3 

(c) . 3): 


coordinates of the points whose cylindrical coordinates are; 

(e) (l/^/s). ^ ^ = 

/tn.. (a) ( 10 . 120 °, arc cos |): (5) ( 5 , 30 °. arc cos (- |)); (c) ( 2 ^, 135 °. 

(d) (5. 150°, arc cos 1); (e) ( 13 . - 90 °, arc cos -1). 

8 . Transform the following equations into equations in spherical coordinates; 

402. (a) 3p sin^</> cos 20 = 8 cos 0; (b) p^sin^ cos 20 - cosH) = a^- 

(C) PC3 sin 0 cos 0 + 5 sin 0 sin 9 - 2 cos 0) = 6. 

9. Transform the following equations from rectangular into cylindrical coordinates; 

(a) 52 + 4y - 0, (b) 5x^ - iy^ + 2x + 3y = 0: (c) - 8 x = O' 

(d) x^ -y2 + 2y- 6 = O: (e)x^^y^-z^.a^ 

Ans. (a) e = arc tan (-5/4): (6) 5p cos^9 - sin^e + 2 cos 0 + 3 sin 0 = o; 

(c) p - 8 cos 9=0: (d) cos 20 + 2 p sin 0 - 6 = 0 : (e) p* _ 2 ^ = a^. 

10. The following surfaces are given in cylindrical coordinates. Find the equations in rec 
tangular coordinates and name the surfaces, 

(a) p2 + 32^ . 36; (b) p . a sin 0; (c) p2 + = ig; (d) 0 = 45 ": (e) p2 - ^2 = 1 

4ris. (a) ^ = gg. Ellipsoid of revolution. ) P 1. 

(6) X + y 2 _ Right circular cylinder, 

(c) a: + y2 ^ ^2 = le. Sphere. 

(c/) y = a:. Plane. 

(e) a: + y - z * 1 . Hyperboloid of one sheet. 


11 . 


from rectangular into polar coordinates: 


(a) + y 2 

(d) 2 * 2 ry 


42 = 0 ; ( 6 ) 


+ y^ 


- 22 - q 2 . 


(C) 


2 x^ + 


3y2 + 


22^ - 6 a; + 2y = O; 


4ns. (a) p(cos^a + cos^ 3 ) + 4 


r. 2 r, „ 2 Y = 0 , or p(i - cos^Y) + 4 cos y = O; 

d! V°* “ 'a - 6 COS a + 2 cos e = 0 : 

(a) cos Y = 2 p cos a cos 3 . 


lZlZlT,To°"T -P»«'-fal coordinates into equations in rectangular 

Ans. (a) . y2 . z2 = ^az; ( 6 ) y . ,2 f , 2 / ^2 = 

ordinates*equations in polar coordinates into equations in rectangular co- 
(c) cos Y = p(cos^a - cos^g): (,) p 2 l ^ ; ^5. 

“ y ^ = 5 : (6) x^ - y^ _ x^ = 25: (c) x = x* - y^: 

ZllTr 1 between two points (Pi. Oi.-^x). Px(Px. 6x.<^x) when 

ex!rps^pri Hint; Use the formula for the distance between two points 

- rec angu ar coordinates and transform into spherical c oordinates. 

4ns. /pI + p| _ 2p,pJ cos(e, - 0,) sin 4>z sin <i>^ + cos 4>z cos 4] = d. 
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Abscissa* 1 

Addition of ordinates, 94, 96 
Algebraic curve, 93 
Angle, between two lines, 2. 7, 105 
between two planes, 116 
bisector of, 29 
direction, 104 
of inclination, 2, 6 
vectorial, 73 

Areas, triangles and polygons, 2, 8 
Asymptotes of hyperbola, 60 
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rotation of, 66 
translation of, 66 
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polar, 73 

radical, of circle, 39 
transverse, of hyperbola, 59 

Cardlod, 79 

Cartesian coordinates, 1, 104 
Circle, 35 

polar equation of, 74 
Cissold of Diodes, 100 
Cone, 133, 138 
Conicoid, 131 
Conic sections, 46 
Conjugate axis of hyperbola, 59 
Conjugate hyperbolas, 64 
Coordinates, cylindrical, 144 
polar, 73, 144 
rectangular, 1, 104 
spherical, 144 
Cosine curve, 95 
Cosines, direction, 104 
Curves, algebraic, 93 
exponential, 97 
higher plane, 93 
logarithmic, 97, 98 
probability, 97 
transcendental, 93 
trigonometric, 95 
Cycloid, 101 
Cylinder, 133 

Cylindrical coordinates, 144 
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of a line, 105 
Directrix, of ellipse, 52 
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of parabola, 46 
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from a plane to a point, 115 
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of ellipse, 52 
of hyperbola, 60 
Ellipse, 51 
Ellipsoid, 131 
Elliptic paraboloid, 132 
Equation of a given locus, 9 
Equations, of second degree, 68 
transformation of, 66, 144 
Equilateral hyperbola, 98 
Exponential function, 97 
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Focal radii, 57 
Focus, of a conic, 46 
of ellipse, 51 
of hyperbola, 59 
of parabola, 46 

Fundamental problems of analytic geometry, 
12 

Higher plane curves, 93 
Hyperbola, 59 

Hyperbolic paraboloid, 132 
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Hypocycloid, 100, 101 

Inclination of a line, 2, 6 
Intercepts, of a line, 22, 24 
of a curve, 12 
of a plane, 115 

intersecting lines, angle between, 2, 7 

Latus rectum, of ellipse, 52 

of hyperbola, 60; of parabola, 46 
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Lemniscate, 79 
Line, 22 

in space. 104-106. 123. 124 
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parallel to a plane, 124 
perpendicular to a plane. 115 , 124 
segment, point of division, 1. 4, 105 
Lines, angle of intersection of, 2, 7, 105 
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Major axis of ellipse, 51 
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to a curve, 84 

Normal equation of a line, 22, 27 
of a plane, 115 

Octant, 104 
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Origin, l, 104 

Parabola, 46 

semicubical, 99 
Paraboloid, elliptic, 132 
hyperbolic, 132 
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planes, 115 
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Parametric equations, 98, 99, 100 
Perpendicular lines, 2, 25, 106 
planes, 115 
Plane, 115 

Point of division, 1, 4 
Polar coordinates, 73, 144 
Polar equation, of a circle, 74 
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Projectile, 100 
Projecting planes, 124 

Quadrants, 1 
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Quadric surfaces, 131 
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Rectangular coordinates, 1 , 104 
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Sine curve, 96 
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Sphere. 131 

Spherical coordinates, 144 
Spiral of Archimedes, 80 
Straight line, 22 
Subnormal, 89 
Subtangent, 89 
Surfaces, quadric, 131 
Symmetry, rectangular coordinates, 12 
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Systems of lines, 30 

Tangent curve, 96 
Tangent, from point to circle, 38 
length of, 89 
to a curve, 84 

Traces in coordinate planes, 117 
Transcendental curves, 93 
Transformation of coordinates, 66 , 144 
Translation of axes, 66 
Transverse axis of hyperbola, 59 
Trigonometric functions, 95, 96 

Vertex, of parabola, 46 
Vertices, of ellipse, 52 
of hyperbola, 60 




